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Abstract:
Theresistanceof two-dimensionalelectronsystemssuchasthin disorderedfilms showsdeviationsfrom Boltzmanntheory,which arecausedby

quantum corrections and are called “weak localization”. Theoreticallyweak localization is originatedby the Langer—Nealgraph in the Kubo
formalism.In this reviewarticlethephysicsof weaklocalizationis discussed.It representsaninterferenceexperimentwith conductionelectronssplit
into pairsof wavesinterferingin theback-scatteringdirection.Theintensityof theinterference(integratedoverthetime)can beeasilymeasuredby
theresistanceof thefilm. A magneticfield introducesa magneticphaseshift in theelectronicwavefunction andsuppressesthe interferenceaftera
“flight” time proportionalto 1/H. Thereforethe applicationof a magnetic field allows a time-of-flight experimentwith conductionelectrons.
Spin-orbitscatteringrotatesthespinof theelectronsandyieldsan observabledestructiveinterference.Magneticimpuritiesdestroythecoherenceof
thephase.Theexperimentalresultsaswell asthetheory is reviewed.Theroleof thespin-orbit scatteringandthemagneticscatteringarediscussed.
The measurementsgiveselectedinformationaboutthe inelasticlifetimeof theconductionelectronsin disorderedmetalsandraisenewquestionsin
solidstatephysics.Futureapplicationsof themethodof weaklocalizationareconsideredandexpected.
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1. Introduction

During the pastfew yearsa new field in solid statephysicshasbeentheoreticallyandexperimentally
explored. It deals with the anomaloustransportpropertiesof electronsin disorderedsystems.The
phenomenonis generallycalledweak localizationandit is essentiallycausedby quantum-interference
of the conductionelectronson the defectsof the systems.ThereforeI will also call it alternativelyat
times “QUIAD” (quantum-interferenceat defects).This phenomenonhadbeen first consideredby
Abrahamset al. [1] whentheydevelopeda scalingtheory for two-dimensionalconductors.In their work
weak localizationwas only an asymptoticcaseof a moregeneraltheory.But soonit becamea field on
its own with growing importance.During the mean-timeextensivetheoreticalwork [2—84]as well as
experimentalinvestigationson metals [85—1281(thin films) and [129—134](one- andthree-dimensional
metals)and MOSinversionlayersand othersemiconductors[135—153]havefollowed. In particularthe
resistanceanomalyat low temperatureandthe magneto-resistancehavebeenintensively studied.

Weak localization exists in one, two and three dimensions as well but for an experimental
investigationthe two-dimensionalcaseis the mostfavourableone.Herethecorrectionto the resistance
is of the orderof 10_2 to 10~andcan beeasilymeasuredwith anaccuracyof 1%. Onecan in particular
investigatethe QUIAD in two dimensionsin a magneticfield perpendicularto the film (which is not
possible in onedimension).We will see that the responseto amagneticfield is a powerful methodto
determinecharacteristictimes of the electron system.The physical reasonis that weak localization
correspondsto a time-of-flight experimentwith conductionelectrons.Thereforemost of the experi-
mentalwork on metals is done in thin films. Another two-dimensionalelectronicsystemhasbeen
experimentallyinvestigatedas well — electroninversionlayers. Since manypropertiesof the electronic
systemin inversionlayersare quitedifferent from the metalI leavethediscussionof inversionlayersto
an expertin that field andconcentratehereon two-dimensionalthin films.

Since one can preparethin films of every metal and most alloys QUIAD allows to study many
materialswith quite different propertiessuch as simple metals, transition metals, superconductors,
nearly magneticmetals,etc. The experimentalinvestigationis only at the beginning but in the past it
hasbeenshownthatweak localizationexists,can bewell describedby the theory andallows to measure
characteristictimes of the electron system such as inelastic lifetime, spin—orbit scatteringtime and
magneticscatteringtime. However, the use of this new method has just been started, there is no
systematicinvestigationof the largevarietyof materialsyet.

The aimof this article is to introducethe readerinto thephysicsof QUIAD. Section2 concentrates
on the physicsof weak localization(it is essentiallyan extendedversionof a lecturethe authorusedto
deliveron weak localization).HerethecomplicatedKubo graphof the theory is translatedinto a simple
physicalpicture. It is shown that weak localizationis a rathersophisticatedbut transparentinterference
experiment.

Section 3 deals with the theory of weak localization, repeatsshortly the Kubo formalism and
evaluatesthe Langer—Nealgraph in somedetail. Although being a theoreticalsection it is written for
the interestedexperimentalist.The planfor this sectionwas stimulatedfrom the difficulties which the
authorhadwith severaltheoreticalpapersin this field becausetheywere socondensed.In particularit
was often ratherdifficult to modify the theoreticalcalculationswhich is for examplenecessaryif one
wantsto generalizea strictly two-dimensionalcalculationto a film of finite thickness.Thelargeamount
of non-economicwork which I had to invest into someof the theoreticalpapersto readbetweenthe
lines lead me to the conclusionthat an extendedsectionon the theory might be of someusefor other
interestedexperimentalists.Theoreticiansare referredto the review articlesby Fukuyama[76] and
Altshuler andAronov [154].
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Since the formulaewhich the theory derives are not really transparentsection 4 gives a graphic
evaluationof theseformulaeto show the structureof the theory.

Section5 describesandcollectsthe experimentalresultson magneto-resistance,temperaturedepen-
dence,electric field dependence,magneticscattering,etc.

One of the most interestingexperimentalresults of QUIAD is the measurementof the inelastic
lifetime.The theoreticalaspectsas well as the experimentalresultsarediscussedin section6.

Since the Coulomb interaction in disorderedtwo-dimensionalelectron systemsyields a similar
resistanceanomaly with temperatureas weak localization does the propertiesof electron—electron
interactionarebriefly sketchedin section7.

Finally we discusssomeof thefutureapplicationsof weaklocalizationin solid statephysicsin section8.

2. Physicalinterpretation of weak localization

Thin disorderedmetal films show resistanceanomalieswhich were theoreticallynot understooduntil
five yearsago. Fig. 2.1 showsthe magneto-resistanceof a thin Cu-film with a th!cknessof 80 A and a
high degreeof disorder.Its electronicmeanfree pathis only of the orderof 10 A. The resistance(per
square)changesin a magneticfield perpendicularto the film and the magneto-resistanceis strongly
temperaturedependent.According to the classicaltheory the resistanceshould be completely field
independentbecausethe productw~r0is (even in a field of 7 T) only of the order of 10~and the
magneto-resistanceis proportional to the square of w~ro.(wç = Helm = cyclotron frequency and

elastic scattering time.) The unexpectedmagneto-resistanceis a manifestation of the new

98.0 20.1K

-~ -4 -2 0 2 4 6
H(T)

Fig. 2.1. The magneto-resistanceof a thin Cu-film (d= 80A, resistancepersquareR = 980)atdifferent temperatures.The meanfree path is of the
orderof 10 A so that classicalmagneto-resistanceeffectscan beexcluded.
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phenomenonwhich is generallycalledweak localization. In thissectionwe want to point out that weak
localizationcorrespondsto an interferenceexperimentwith conductionelectronswhich arescatteredat
impurities [155].The applicationof a magneticfield influencesthis interferenceand introducesa time
scaleinto the system.Finally we will recognizethat the magneticfield allows to observethe fate of the
conductionelectronsas a function of time.

At low temperatureone has to distinguish between two different lifetimes of the conduction
electrons,the elasticlifetime i-o and theinelasticlifetime ~. Here r0 is thelifetime of the electronin an
eigenstateof momentum,whereasr, is the lifetime in an eigenstateof energy.At 4K, the latter can
exceedthe formerby severalordersof magnitude.As a consequence,a conductionelectronin statek
can be scatteredby impuritieswithout loosingits phasecoherence.Due to the statisticaldistribution of
the impurities, the multiple scatteredwaves form a chaotic pattern. The usual Boltzmann theory
neglectsinterferencesbetweenthe scatteredpartial waves and assumesthat the momentumof the
electronwave disappearsexponentiallyafter the time r0 (or Tt~= transportmean free path. In the
following considerationwe assumes scatteringso that To and T~.areequal).This assumptionyields for
free electronsthe simpleDrude formulafor the conductivity

cTTo. (2.1)

The neglectof the interferenceis, however,not quite correct.There is a coherentsuperpositionof
the scatteredelectronwavewhich resultsin back-scatteringof the electronwaveandlasts as long asits
coherenceis not destroyed.This causesa correctionto the conductancewhichis generallycalculatedin
the Kubo formalism by evaluating“Kubo graphs”.The most importantcorrection hasalreadybeen
discussedby Langerand Neal [156]in 1966 andis shownin fig. 2.2a.This Langer—Nealgraph hasbeen
evaluatedby Abrahams et al. [1] for two-dimensionaldisorderedsystemsof finite size and they
concludedthat a two-dimensionalconductorwith a finite concentrationof defectsbecomesan insulator
at T= 0 K. Andersonet al. [2] andGorkov et al. [41showedthat at low but finite temperaturethe
conductancehasa correction

L~SL= — ~RlR
2= Lojj log(1-

11T0); Lro = e
2l(21f2h). (2.2)

Thiscorrectionis temperaturedependentbecausethe inelasticlifetime dependson the temperature(for
examplelIT, T”). In the following we will translatethe Langer—Nealgraphinto a transparentphysical
pictureandshowthat it correspondsto an interferenceexperiment.

2.1. Theechoof a scatteredconductionelectron

We considerat the time t = 0 an electronof momentumk which hasthe wavefunction exp[ikr]. The
electronin statek is scatteredafter thetime To into a statek~,after 2T

0 into the statek~,etc. There is a
finite probability that the electronwill be scatteredinto thevicinity of the state—k; for exampleafter n
scatteringevents.This scatteringsequence(with the final state—k)

is drawn in fig. 2.2b in k-space. The momentumtransfersare g1,g2, . .. ,g,,. There is an equal
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Fig. 2.2. (a)The fan diagram,introducedby LangerandNeal, which allowscalculationsof quantumcorrectionsto the resistancewithin theKubo
formalism. (b) The physical interpretation of the fan diagram in (a). The electron in the eigenstateof momentum k is scatteredvia two
complementaryseriesof intermediatescatteringstatesk—~k~-~ k~—~--- —~k,_1-~ = —k andk -~k’1’—* k’~-+ - —~k~1-~ k’~= —k into thestate—k.
Thechangeof momentumis g~,g~,...,g~-t,g~for thefirst seriesandg~,g~-~ g~,gi for thesecond.Theamplitudesin thefinal state—k are
identical,A’ = A” = A and interfere constructively,yielding an echo in back-scatteringdirectionwhich decaysas lit in two dimensions.Only for
times longerthanthe inelasticlifetime i~thecoherenceis lost and theechodisappears.

probability for the electronk to be scatteredin n stepsfrom the statek into —k via the sequence

~

wherethe momentumtransfersareg~,g~..1,.. . ,g~.This complementary scattering serieshas the same
changesof momentumin oppositesequence.If the final stateis —k, then the intermediatestatesfor
both scatteringprocesseslie symmetricto the origin. The importantpoint is that the amplitude in the
final state—k is the samefor both scatteringsequences.This is causedessentiallyby the proportionality
of the final amplitudeto the productof the matrix elementsi.e. H V(g,)—where V(g,) is the Fourier
componentof the scatteringpotential— andthis product is the samefor both sequences.Secondlythe
transition probability is identical becauseof the symmetry of the two complementaryprocesses.In
addition the energy of the correspondingintermediatestates is (by pairs) the same so that the
time-dependentphasechanges(Et/h) areidentical.

Sincethe final amplitudesA’ andA” arephasecoherentandequal,A’ = A” = A, the total intensityis
IA’ + A”I

2 = IA’I2 + IA”I2 + A~*A~~+ A~AIP*= 41A12. If the two amplitudeswere not coherentthen the
total scatteringintensityof the two complementarysequenceswouldonly be 2IAI2. This meansthat the
scatteringintensity into the state—k is by 21A12 largerthan in the caseof incoherentscattering.This
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additionalscatteringintensityexists only in the back-scatteringdirection.For otherstatesat the Fermi
surface,sufficiently far away from — k, thereis only an incoherentsuperpositionof every two sequences
(with momentumtransferin theoppositesequence)andthereforeasanaveragethescatteringintensityper
sequencewith n scatteringprocessesis only Al2.

The fan diagramin fig. 2.2agives just the productA?*AII, i.e. the interferenceintensity.It consistsof
two parts, the upper electronpropagatorand the lower hole propagator.The upper one yields the
amplitudeof the electronk which is scatteredinto the state—k via the scatteringsequence(‘). If we
invert thedirection of the arrowsfor the lower propagatorthenit yields the amplitude of theelectronk
whichis scatteredinto the state—k via the scatteringsequence(“). The reverseddirection of the arrows
(i.e. that it is a holepropagator)yields the complexconjugateof the amplitude.

At high temperaturethe scatteringprocessesare partially inelastic.As a consequencethe amplitudes
A’ andA” loosetheir phasecoherence(afterthe time r,) andtheintensityof the back-scatteredwaveis
only 21A12, i.e. the coherentback-scatteringdisappearsafter thetime Tt. In fig. 2.3 the momentumof the
electronk is plottedas a function of time.The original momentumdecayswithin the elastic lifetime i-

0.

At latertimes a momentumin the oppositedirection is formed;this decreasesinverselyproportionalto
the time(aswe shall seebelow). Oneobtainsan echoof theoriginal statek in oppositedirection which
vanishesonly whenthe two processesloosetheir coherence.Obviouslythe integratedmomentumof the
electronk decreaseswith increasingT~.In the following we treatthis scatteringsemi-quantitatively.

After the elastic lifetime To the electron k is scatteredinto a shell at the Fermi surfacewhich is
assumedto containZ intermediatestates.The amplitudein the intermediatestatek is Z

1”2 e~’where
e’8’ is essentiallygiven by V(gi)lI V(gi)I. The intensityin the nextintermediatestatek~at the time 2T

0 is
Z

2. After n scattering processesthe intensity in the final state —k is Z~ and the amplitude
Z~2& ~. The secondscatteringseriesyields the sameamplitude.The crossproductor interference
term is AP*AI~+ A?A~~*= 2Z”. Now we haveto sumover all possibleintermediatestates.This yields
the factor 112Z”1. (112 occurs becausethe two complementaryseries appeartwice in the sum.)
Thereforethe coherentadditionalback-scatteringintensityis Z1. It is independentof the numberof
intermediatescatteringstatesn andequalto the scatteringintensityfrom k into k. This intensityis, of
course,completelycalculatedin evaluatingthe diagramwith the appropriaterules. However,one can
easilyestimatethisintensityin a ratherdirect andlessformalmanner.

_e_t~’T

10 20

“echo

7’ (greatly enlarged)

Fig. 2.3. The contributionof theelectronstatek to themomentumasfunction of time. Theoriginal stateanditsmomentumdecayexponentially
within the time ro (s scatteringassumed).But an echowith the momentum—k is formed which dependson time as l/t. This echo reducesthe
contributionof theelectronto thecurrentandyields a correctionto theresistancewhich is proportionalto log(iJro).
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For thecalculationof Z in two dimensionswe considerthe scatteringfrom the statek into the state
k. This stateis an intermediatestatefor the scatteringsequencewhich doesnot haveto conservethe
energy(sometimescalledvirtual scatteringprocess).Sincetheelastic lifetime is T

0 the intermediatestate
can lie within lTh/To of the Fermi energy.This correspondsto a smearingof the Fermi sphereby Tn!
(1 = meanfree pathof the conductionelectrons).Thereforethe availableareain k-spaceis 2 lTkF* .7Th

2.7r
2kF/l andZ is obtainedby multiplying by the densityof statein k-space,i.e. (2Tn)2.

The coherentback-scatteringis not restrictedto the exactstate—k; onehasa smallspotaroundthe
state—k in momentumspacewhich contributes.We calculatethecoherentback-scatteringintensityinto
the state—k+ q which is reachedafter n scatteringprocesseswith the transferof momentumg where
~ g, = —2k~+q. The sum of the momentaof the initial andfinal stateis +q.The sameappliesfor each
pair of scatteringstatesin fig. 2.2b which lie oppositeto the centre,i.e. q = k + k’~_

5= k~+k’,~2=
The correspondingintermediatestatesdiffer not only in momentumbut alsoin energy(which mustnot
be conserved).The energydifferenceis hq* VF andsincethe phaserotateswith Et/h oneobtainsduring
the time To a phasedifferencebetweenthe two complementarywaveswhich is q* VFTO. The important
fact is that the different intermediatestateshaveindependentdirectionsof momentum.Thereforethe
phasedifferencesareindependentin sign andvalue.This meansthat only the squareof thephaseshifts
adds. Therefore after the n scatteringprocessesone obtains phasedifferencesbetween the com-
plementarywaveswhosewidth is

= n (q* VFTO)
2= n ~(vFqTo)2= nDq2ro. (2.3)

In two dimensionsthe averageover (VF * q)2 is (vFq)2I2 (and in threedimensions (vpq)2I3 but the
diffusion constantabsorbsthe factorof dimension).The neighbouringstatesof —k contributelessto the
coherentback-scatteringbecausethey loose the phase coherencewith increasing n and q. Their
contribution is proportional to exp[—Dq2t] since t = nr

0. The area of the spot for the coherent
back-scatteringis obtainedby integrationover q. In two dimensionsthis yields IT/(Dt). This corresponds
to about ir(Dnro)

1/(2ir)2 states,i.e. their numbershrinkswith time. Thereforethe portionof coherent
back-scatteringis given by

Icoh [1rI(Dt)]iI21T2kF/l]= roI(lTkFlt) = hI(2.7TEFt). (2.4)

In the presenceof an external electrical field the conductionelectronscontribute to the current.
However, the echo, i.e., the coherentback-scatteringreducesthe currentand thereforethe conduc-
tance.A pulseof an electrical field generatesa short current (for the time To) in the direction of the
electric field and then a reversedcurrent which decaysas lit. The dc conductanceis obtainedby
integrating the momentumover time. For the normal contribution this yields kT

0 and for the echo
[kTo/(7rkFl)]ln(r1/To). Thereforethe electronin the statek contributesto momentum

kro{1 — [1/(TnkFl)]ln(r1/To)}. (2.5)

The contribution of the electronk to the current is reducedby the factor in the bracketsand the
conductanceis decreasedby the samefactor,

L = (ne
2To/m)*{1— [1/(TnkEl)]ln(T,I’r

0)}

= (ne
2ro/m)— [e2/(2Tn2h)]*ln(r

1/T0) (2.6)
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with n = 21rk~/(2Tn)2.This correctionto the conductancewas introducedby Andersonet al. [21and
Gorkov et al. [4].

The importantconsequenceof the aboveconsiderationis that the conductionelectronsperform a
typical interferenceexperiment.The (incoming)wavek is split into two complementarywavesk~and
k~’.The two wavespropagateindividually, experiencechangesin phase,spin orientation,etc. and are
finally unified in the state—k wherethey interfere.The intensityof the interferenceis simply measured
by the resistance.In the situationwhich hasbeendiscussedabovetheinterferenceis constructivein the
time interval from To to r~.It is only slightly more complicatedthan a usualinterferenceexperiment
becauseonehasa largernumberof pairsof complementarywaves.

Shortly after the developmentof the theory severalexperimentalgroupsinvestigatedthe resistance
of thin disorderedfilms (andMOS inversionlayers)as a function of temperatureandfound indeedan
increaseof the resistancewith the logarithmof the (decreasing)temperature.Figs. 2.4a—c showresults
by Dolan andOsheroff[85] on thin AuPd-films, andVan den drieset al. [871andKobayashiet al. [86]
on thin Cu-films. These experimentalresults appearedto be an experimentalproof of the theory of
weak localization.However,a few monthslater Altshuleret al. [157] showedthat thereis anothereffect
in two-dimensionaldisorderedsystemswhich causesessentiallythe sameresistanceanomaly with
temperature.They showedthat in disorderedelectronsystemsthe Coulombinteractionis modified. The
electron—electroninteraction is dynamically not perfectly screenedbut long ranged. This has an
important impact on the densityof statesas well as on the resistanceof disorderedtwo-dimensional
electron systems. We shall return to the effect of the Coulomb interaction in section 7. As a
consequenceof this alternativemechanismonehad to look for a more characteristicexperimental
investigationof weak localization.The applicationof a magneticfield providedsuch a possibility.

2.2. Time-of-flightexperimentin a magneticfield

Oneof the interestingpossibilitiesfor an interferenceexperimentis to shift the relativephaseof the

two interfering waves. For chargedparticles this can be easily done by an externalmagneticfield.

a.

2

l09~o (T/IK)

Fig. 2.4(a).
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Fig. 2.4. The resistanceof thin disorderedfilms as functionof the logarithm of thetemperature.(a)a AuPd-film by Dolan and Osheroff[851,(b) a
Cu-film by Van dendrieset al. [871and(c)coupledfine Cu-particlesby Kobayashiet al. [86].

Beforewe treatthe effect of a magneticfield in somedetail we considerthe motion of the conduction
electronin real space.Sincethe conductionelectronhasa very short meanfree path it diffusesin the
two-dimensionalconductorfrom impurity to impurity. Consideran electronat the origin at t = 0. The
classicaldiffusion equationin two dimensionsyields for the probability (density)of finding the electron
at the time t at the position r

p(r, t) = [1I(4TnDt)]* exp[—r
21(4Dt)]. (2.7)
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The chanceto return to the origin is given by 1I(4irDt). In fig. 2.5 a possiblepath is drawn for the
diffusion of an electron which returns to the origin. For classical diffusion one has an identical
probability for the electron to propagateon the same path in the opposite direction. The two
probabilities add up and contribute to the total probability of 1/(4irDt). Since the electron has
wave-likecharacterin reality onehasto considertwo partial wavesof the electronwhich propagatein
oppositedirections on the indicated path. Returnedto the origin, however, their amplitudesadd
(insteadof their intensities).It is the samephysicalmechanismwhich hasbeendiscussedin momentum
spacebefore.This picturehasbeenusedby Altshuleret al. [26] in studyingthe electric field effect on
QUIAD. The amplitudesA’ andA” are equalbecausetheir partial wavespropagatedon the samepath
in oppositedirectionsandas long as the systemshowstime reversalthe two partial wavesarriveat the
origin in phaseandwith the sameamplitude.Thereforethe intensityor probability is twice as largeas
in the classicaldiffusion problem i.e. l/(2TnDt). For the diffusionto any otherpoint exceptthe vicinity
of theorigin the differentpartial wavesare generallyincoherentandonly their intensitiesadd.(Thereis
only a small reductionto compensatethe increasedintensity at the origin.) In fig. 2.6 the classicaland
the quantumdiffusion probabilitiesareplottedqualitatively.The (dashed)peakin quantumdiffusionat
the origin describesa tendencyto remainator returnto theorigin. Sinceit is thoughtof asa precursor
of localization this quantumdiffusion hasbeencalled weak localization. (A localizedelectronwould

2~O 4’rDtp(r,t)

1.5

3

~
10 ~ 2” -2 -1 1 2

9
Fig. 2.5. Diffusion pathof the conductionelectronin the disordered Fig. 2.6. The probability distribution of a diffusing electronwhich
system.The electronpropagatesin both directions(full anddashed startsat r = 0 at thetime t = 0. In quantumdiffusion (dashedpeak)
lines).In thecaseof quantumdiffusiontheprobabilityto return to the the probability to return to theorigin is twice asgreatasin classical
origin is twice asgreatasin classical diffusion since the amplitudes diffusion (full curve). Large spin—orbit scatteringreducesthe prob-
addcoherently. ability by a factor of two (dotted peak)and yields a weak anti-

localization.
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remain close to the origin.) This nameis, however,questionablebecausein the presenceof large
spin—orbit scattering— as we discussbelow— the quantumdiffusion yields a reducedprobability (dotted
peak)to return to the origin, an effect onemight call weak anti-localization[46].

In a magneticfield, however,thephasecoherenceof the two partial wavesis weakenedor destroyed.
When the two partialwavessurroundan areaF containingthemagneticflux 4,, thenthe relativechange
of the two phasesis (2e/h)4,.The factor of 2 arisesbecausethe two partial waves surroundthe area
twice. (This is sometimesinterpretedasif a particlewith twice theelectronchargesurroundstheareain
analogyto the doublecharge2e in superconductivity.)

Sincethe diffusion is statistical for a given diffusion time t a whole rangeof enclosedareasfor the
different diffusion paths exists. Altshuler et al. [19] suggestedperforming such an “interference
experiment”with a cylindrical film in a magneticfield parallel to the cylinder axis. Then the magnetic
phaseshift betweenthe complementarywavesis alwaysa multiple of 2eçbIh (4, = flux in the areaof the
cylinder). Sharvin and Sharvin [92,102] showedin a beautiful experimentthat then the resistance
oscillateswith a flux period of 4, = h/(2e).Fig. 2.7ashowsthegeometryof a thin cylindrical film andfig.
2.7b the oscillationof the resistancefor a thin cylindrical Mg-film [92].

However, for a thin film in a perpendicularmagneticfield the pairsof partial wavesencloseareas
between—2Dt and 2Dt. When the largestphaseshift exceeds1, the interferenceis both constructive
and destructiveas well and the averagecancels.This happensroughly after the time t~= hI(4eDH).
This meansessentiallythat the conductancecorrectionin the field H i.e. z~L(H)yields the coherent
back-scatteringintensityby integratingfrom T

0 to tH

AL(H) J ‘cob dt L00 log(tHITO). (2.8)

It is important to mention that only the amplitudesof the “scattered”waves interfere.There is no
interferencebetweenthe original wave function andits scatteredcomponentconsideredin this theory
andat thesefinite temperaturesthe coherencelength, i.e. the lengthover which a wave packetcan be
definedat finite temperatureandwhich is of the orderof hvFI(kBT) is muchsmallerthan the inelastic
meanfree pathVFTI. (Otherwiseoneis no longer in the region of QUIAD.)

The quantitativecalculation yields a simple result. The application of a magnetic field causesa
destructive interferencein the final state —k. But in the vicinity of —k for the states—k+ q the
interferenceis constructiveif q lies on Landau-likecircleswith (hq)

2/(4m)= hw~(n+~)wherew~is the
cyclotron frequency.The allowedstatesas a function of q areshown in fig. 2.8. (The electronstateson
the “Landaucircles” arenot free electron statesin a magneticfield becausetheyarecentredaround
—k. Only formally theycorrespondto hypotheticalparticleswith twice theelectronmass.)Since,on the
otherhand, the width of the coherentlyback-scatteredspot shrinkswith time as (Dt)1”2 the coherent
back-scatteringdies out when the spot lies completely inside the first Landaucircle with the radius
(2eHIh)1”2. This occursfor fields of the orderof H = h(4eDt).

Thismeansthat the magneticfield allowsa time-of-flight experiment.If amagneticfield H is applied
the contributionof coherentback-scatteringis integratedin the time interval between r

0 and tH =

hI(4eDH). If one reducesthe field from the value H’ to the value H” and measuresthe changeof
resistancethis yields the contributionof thecoherentback-scatteringin the time interval tH’ and tH”. In
a very strong field the coherentinterferenceis suppressed.A reduction of the field integratesthe
coherentback-scatteringand increases the resistance.If tH exceedsthe inelastic lifetime of the
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LZ~

1 m5

Fig. 2.7. Aranov—Bohmeffect in adisorderedhollow cylinderin amagneticfield parallelto thecylinder axisassuggestedby AltshulerandAronov
[19],(a)thegeometry,(1,) theresistanceoscillationasa function of theappliedmagneticfield measuredby SharvinandSharvin[921on acylindrical
Mg-film.

conductingelectrons, i.e. H < H, = h/(4eDr~)then the coherenceis lost anyway and the magneto-
resistancedisappears.Since the magnetic field introducesa time tH into the electron system all
characteristictimes.7~of the electronscan be expressedin termsof magneticfields kIn,

T~~4’H~ (2.9)

wherer~H~= h/(4eD). In a thin film this is given by hepNI4which is of the order of 10-12 to l0’~Ts
(p = resistivity of the film andN = densityof electronstatesfor both spin directions).A magneticfield
of 1 T correspondsto about 0.1—1 ps, i.e. the magneto-resistancemeasurementallows picosecond
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H:O H:H0>O

tat0

.____t • 4~00
t 16t~0

Fig. 2.8. The back-scatteringspot (close to thestate—k) withoutmagneticfield (left side)and in a finite magneticfield H. Thespot hasafinite area
sr/(Dt) which shrinkswith time. In a magneticfield thecoherencecondition is modifiedandonly k stateswhich lie on “Landau”-like circlesallow
coherentback-scattering.For long time t the two interferenceconditionsexcludeeachotherbecausethespot is inside of all “Landau” circles and
thecoherentback-scatteringdiesat atime t,~= h/(4eDH). Theresistanceintegratesthecoherentback-scatteringintensity in thetime interval from
TO to tN

spectroscopywith the conductionelectrons.The exact formulae for the magneto-conductanceare
derivedin section3.

The motion of the conductionelectronin real spacegives a simplecriterion for the conditionsunder
which a thin film is two-dimensional[27,53,91]. The importantrequirementfor the quantuminter-
ference is that the electron wave function is coherent.Thereforea system is two-dimensionalwith
respectto QUIAD when its coherencevolume has a two-dimensionalshape.Without a magnetic
field the electrondiffusesduring its inelastic lifetime over a distanceof (Dr1)

112. If the thicknessof the
film is much lessthanthis “Thoulesslength” then the region of coherenceis two-dimensional.For films
thinner than 100A thicknessand at temperaturesbelow 20 K this requirementis generallyvery well
fulfilled. However,in strongmagneticfields the distanceof coherentdiffusion (DIH)U2 is muchlessand
thereforeoneeasilymovesinto thethree-dimensionalrange.Thereforeoneexpectsdeviationsfrom the
two-dimensionalformula in high magnetic fields (one has to include the sheetsin k-space for
k~= v * ir/d; d = film thickness,seesections3 and5).

Before we turn to the evaluationof the experimentalmagneto-resistancecurveswe haveto discuss
the influenceof the spin—orbit scattering.
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2.3. Spin—orbitscattering

One of the most interestingquestionsin QUIAD is the influenceof spin-orbitscattering[7,8, 24].
Hikami et al. [7] predictedin the presenceof strong spin-orbit scatteringa logarithmic decreaseof
the resistancewith decreasingtemperature.As a consequencethe magneto-resistanceshould change
sign as well. This prediction is contraryto the picture of localization andwas oneof the most exciting
questionsat LT XVI. The predictionby Hikami et al. could be experimentallyconfirmedby the author
[961.For this purposea thin Mg-film hasbeenpreparedin an ultra highvacuum.Mg is a light metal and
hasavery smallspin-orbit coupling.The upperpart of fig. 2.9 showsthe magneto-resistanceof thepure
Mg-film at different temperatures.After the measurementthe Mg-film hasbeencoveredwith 11100
layerof thestrongspin—orbit couplerAu. Thiscausesasignificant changeof the magneto-resistanceas is
shownin the lowerpart of fig. 2.9. At low temperaturethe magneto-resistancechangessign andshowsa
substructurewhich reflects the strengthof the spin-orbit scattering.In fig. 2.10 the magneto-resistance
of anotherMg-film at 4.5 K is plotted for increasingcoveragewith Au. The points representthe
experimental results, whereasthe full curves are calculatedwith the theory of Hikami et al. The
adjustableparameteris the spin-orbitscatteringtime which decreaseswith increasingAu coverage(this
experiment also yields the spin-orbit scatteringof the pure Mg-film). Obviously weak localization
provides a new and very sensitivemethod to measurethe spin—orbit scatteringdirectly, i.e. with a
substructureandnot only by abroadeningof a resonance.

Now we can turn to the evaluationof the magneto-resistancecurves of pure Mg. In fig. 2.11 the
magneto-resistanceof a Mg-film is plottedas a function of the appliedmagneticfield [97].Theunits of
the field areshownon the right side of the curves.The Mg is quench-condensedat helium temperature,

A (D)

1%Au

286K BIT)
-è -ó -I -~ 2 4 6

Fig. 2.9. The magneto-resistancecurves of a thin Mg-film (upperset of curves). After a superpositionwith 1/100 atomic layer of Au the
magneto-resistancechangesdrastically. TheAu introducesaratherpronouncedspin-orbit scatteringwhich rotatesthespinsof thecomplementary
scatteredwaves.This changesthe interferencefrom constructiveto destructive.
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54.0 Au 16%Au
~ Mg 8%Au °°

0.1 -1.0
14.0 4%Au

7.1 ~ 2%Au

0 0
3.8 1%Au

R~91Q 0.5

T’4.6K

-0.1 1.0
0.5 0%Au

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 06 0.8
H(T)

Fig. 2.10. Themagneto-resistanceof a thin Mg-film at 4.5 K for different coverageswith Au. The Au thicknessis given in % of an atomiclayeron
theright sideof the curves.The superpositionwith Au increasesthespin-orbit scattering.Thepoints aremeasured.The full curvesareobtained
with thetheoryby Hikami et al.Theratio T

1/T5,on the left sidegivesthestrengthof theadjustedspin-orbitscattering.It is essentiallyproportional
to theAu-thickness.

becausethe quenchedcondensationyields homogeneousfilms with high resistances.The points are
measured.The spin-orbit scatteringof the pure Mg is determinedas discussedabove. The different
experimentalcurvesfor different temperaturesare theoreticallydistinguishedby their differentH, (i.e.
the inelasticlifetime). This is the only adjustableparameterfor a comparisonwith theory (afterH,,~,is
determined).The ordinateis completelyfixed by the theory in the universalunits of L00 (right scale).
Thefull curvesgive the theoreticalresultswith the best fit of H, which is essentiallyameasurementof
H1. The agreementbetweenthe experimentalpoints and the theory is very good. The experimental
resultprovesthe destructiveinfluenceof amagneticfield on QUIAD. It measuresthe areain which the
coherentelectronicstateexistsas a function of temperatureandallows the quantitativedetermination
of thecoherentscatteringtime T1. The temperaturedependenceis given by a T

2 law for Mg asis shown
in fig. 2.12.

For othermetalfilms wherethe nuclearchargeis higher thanin Mg onefinds even in the purecase
the substructurecausedby spin-orbitscattering.In fig. 2.13 the magneto-resistancecurvesfor a thin
quenchcondensedCu-film areshown.Again the pointsrepresentthe experimentalresultswhereasthe
full curvesshow the theory.At low temperaturesthe inelasticlifetime is long andthereforetheeffect of
the spin-orbitscatteringdominatesin small fields. At high temperaturesthe inelasticlifetime becomes
smallerthanthe spin-orbitscatteringtime andthe magneto-resistancebecomesnegativebecauseof the
minor role of the spin-orbit scattering.For Au-films the spin-orbit scatteringis so strong that it
completelydominatesthe magneto-resistance.

The naturalquestionis, why doesweak localizationchangeto weakanti-localizationin the presence
of spin-orbitscattering?
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Mg L00

0~ 0

~O.O50 O.5~ 0

00

0 0.11

~ 0o 6.4K 0.11 ~9.4K

0.21A0.5T19.9 K 1.01

H
Fig.2.11. The magneto-resistanceof a thin Mg-film for different temperaturesasa function of theappliedfield. The units of thefield aregiven on
theright of thecurves.Thepointsrepresenttheexperimentalresults.Thefull curvesarecalculatedwith thetheory.Thesmall spin-orbit scattering
is taken into account.

2 ~ (T/K) 2.5 3-24
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2 -27

1
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Fig. 2.12. The inelasticlifetime~ of a Mg-film asafunction of temperature.It obeysa r2-law.
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Cu L00

4.4 K 0~25T

:~I~5>/”~’~\\:A:
Fig. 2.13. Themagneto-resistanceof a Cu-film for different temperatures.The Cu possessesa naturalspin-orbit scatteringandthereforethepure
metalshowsthedestructiveinterferenceof rotatedspins. Again the pointsareexperimentallymeasuredwhereasthefull curvesarecalculatedwith
thetheory,adjustingthe inelasticlifetime andthespin-orbitscatteringtime (expressedby thecorrespondingfields H1 andH,<,).

2.4. Interferenceof rotatedspins

It is a consequenceof quantumtheory andprovedby a rathersophisticatedneutronexperimentthat
spin 1/2 particleshaveto be rotatedby 4ir to transferthe spin function into itself. A rotation by 2~r
reversesthe sign of the spin state.Weakanti-localizationgives anotherexperimentalproof of this fact.
In the presenceof spin-orbitscatteringthe matrix elementfor a transition from statek to k’ hasthe
form

Vk_k.[1 — i�kx k’ * o-] ~ [1—iK* ~1. (2.10)

This matrix element describesa rotation of the electron spin by the angle K, around the axis x
(i = 1, 2, 3). During thewhole scatteringseries(‘) the spin orientationdiffusesinto a final statetr’ which
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can be obtainedby a rotation T of theoriginal spin stateu (oS’ = Ta). It is straightforwardto showthat
the finite spin stateof the complementaryscatteringseries(“) is u” = ~ Without the spin rotation
the interferenceof the two partial wavesis constructive(in the absenceof an externalfield). In the
presenceof spin-orbitscatteringthe interferencebecomesdestructiveif the relativerotationof o~’and
g” is 2ir. It can be shown that for strong spin-orbit scattering the destructivepart exceedsthe
constructiveone [46]. This meansthat the back-scatteringis reducedbelow the statistical one. This
correspondsto an echo in the forward direction and a decreaseof the resistance.The magneto-
resistancecurve in fig. 2.9b for 1% Au on top of Mg can be interpretedas follows. In a high magnetic
field where tH <r,.~,the spin statesof the complementarystatesarealmost unchangedandoneobtains
the usual negativemagneto-resistance.For tH > Tv.,, (and ~, <r,) the interferenceis destructiveand
shows the opposite sign. For tH r~,it changessign. The resistancemaximum in a finite field
correspondsto a relativerotationof o~’and oS” by the angle~r(in an average).

2.5. Magneticscattering

Another interestingapplicationof QUIAD is the determinationof magneticscatteringby magnetic
ions. The magneticion introducesan interactionwith a conductionelectronJS* u, whereS andu are
the ion and electron spins.The magnetic ions scatterthe two complementarywavesdifferently and
destroytheir coherenceafter the magneticscatteringtime ; (seesection5).

3. Theoryof thequantumcorrectionsto theconductance

3.1. Kuboformalism

Thetheoreticalphysicshasinvolved quite someeffort to developautomaticrules for the calculation
of manyphysical properties.Oneexampleis the Kubo formalism which allows the calculationof the
conductancein an electronicsystem.Startingwith aperturbation

H’(t) = — Jd3xA(x,t)j~(x)

wherej~,,is the (paramagnetic)currentdensity

and A(x) is the vector potentialwhere (i is the field operator.Kubo derived a q- and w-dependent
conductance:

r~(q,w)= i J dt([j~(q,0),j~(—q,
1)])ex~t)_!!~I~ (3.1)

The current—currentcommutatoryields electron—holepropagatorsas shownin fig. 3.1 (for q = 0):
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E-hw,k -hw,k E-hw,k

+

�,k E,k’

(I) (II)
Fig. 3.1. Thetwo Kubo graphswhich contributeto theconductancein thepresenceof impurity scattering.

The contributionof the first diagramto the conductanceis

o-~(w)= e2J.~!f(~— ho)—f(�)J ~ v1(k)v1(k)G~(�,k) G~(e— hw, k). (3.2)

Here v1(k) is the i-componentof the velocity

ld~(k)

v1(k)= /l dk, (i~= kinetic energy).

The retardedandadvancedGreen’sfunctionsaregiven by

G~’ k~— 1a’�’

1 (3.3)G~(�,k) = — (ih/2r) —

z is the dimensionof the electronicsystem, T is the lifetime in an eigenstateof momentum.It is
essentiallygiven by theelasticscatteringtime r~but it is importantto distinguishbetweenT and ro (only
in the final resultonemay replacer by m). We shortly sketchthe evaluationof o-~becauseit reflects
the propertiesof the Green’sfunctionswhich are also essentialfor the evaluationof the quantum
corrections.Generallywehaveto solve integralsof the form:

J(2ir)2 B(k) GR(�,k) G’~(E— hw, k)

whereB(k) is a function of the momentumwhich hasno specialpeakat the Fermi energy.Since the
productGRGA hasa strongmaximumat the Fermi energyoneusesthe approximation

~‘ N+(�F)J~iQi~B(kF, I~)Jd~G’~(�,k) G~a(�— ha,,k).

N+(�F) is the densityof onespin stateat the Fermi surface,i.e. half the total densityof states,S~is the
surfaceof the unit spherein z dimensions.The latter integralyields:

I thiG1~(�,k)G~(�_hw,k)=Jd.q (ih/2) i~—�+h~i+(ih/2r)1—iwrh~ (3.4)
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Finally weobtain:

o.(1)(w)= e2VFN(eF) T (3.5)

wherewe haveused:

1
J

and:

J—~-~v•(k) v1(k)= —

The factor 2 due to the spin summationis absorbedin N(�F). It is easy to show that eq. (3.5) is

equivalentto the relationof conductance:

— ne
2r/m

0~..-or
1—ia)r

In the case of isotropic s-scatteringeq. (3.5) yields the leading term in the conductance.For
non-isotropicscatteringone hasto include the so-called ladderdiagram of the secondelectron—hole
propagator.

The contributionof the secondelectron—holediagram in fig. 3.1 to the conductivity is given by the
following expression:

(II) — 2 ~d�f(�—hw)—f(�)f d2k f dzk~ ~ v~k~v.(k’
o~(w)— e j 2ir a, J (2i~J (2ir)~,~,l\ / I

* G~(�,k) G~(�— hw, k) Fg,~(k,k’; �, w) G’~,(�,k’) G~(�— hw, k’). (3.6)

In the standardcaseoneapproximatesI’ by the sum of ladderdiagramsas shownin fig. 3.2.
(A full dot separatingtwo propagatorlines representsa scatteringby the impurity and a changeof

momentum.The changeof momentumis the samefor every two dotswhich areconnectedby a dashed
line.)

The evaluationwhich shall not be performedhereyields a replacementof r in eq. (3.5) by Ttr, the
transportlifetime of the conductionelectrons.We are going to evaluate for the maximalcrossed
diagramswhich wereoriginally introducedby LangerandNeal [1561.

k k k IC k’ k Ic” k k
~~•1~~ 1”

I I I I I I
I + I + I I I +-•~
I I I I I I

—4---- 1.1
!~ ~ ~ i~” ~

Fig. 3.2. The electron—holeladderdiagram.
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3.2. Quantumcorrections

Thefollowing descriptionandderivationof the theoreticalresultsis essentiallybasedon the work by
Altshuleret al. [12], MaekawaandFukuyama[241andHikami et al. [7]. As we discussedin section2
Langer and Neal first studieda particular group of electron—holepropagators,the so-calledmaximal
crosseddiagramswhich areshownin fig. 3.3.

The valueof thisgroupof electron—holepropagatorswe now denoteby F(k, k’; �, a,). We will show
below that F dependsonly on k+ k’ = q anda, anddivergesfor IqI, a,—~0, but hasno structureat kF.
Thereforewe changethe variablesfrom k, k’ to k, q (5 d~’kd2k’—* I dzkdzq).ThenFcanbereplacedby
F(q; a,) andthei~integrationcanbeperformed.In theGreen’sfunctionsof k’ onecanreplacek’ by—k + q

andtherefore~‘ by

h2k’2 h2
= -~-—— = ~— (—k+ q)2 — h VF(k)* q.

Therefore

I (2;)~G’~(�,k) G’~(�—ha,, k) G~.(�,—k+ q) G~.(�— hw, —k

=N(�F) J ~

X (~—hvFq)—�+ha,+(ih/2r)

We closethe integrationpathin the upperplaneandfind two residua:

ih ihand

—2 N’ ~ 1 1 (—2)hvFg

— lTl ~~F) hw+ ih/r h vFq (ha,+ ih/r)2 — (h vFq) -

For smallI~Ithis yields approximately,_ 4ir N(�F)(fl ~ — 4ir N(�F)(~)3

kk k
~

I ~- -
+ ~.( + +...

I - —I--
I — — — . — —~ L

!~ i~• ~ !~~!~‘-!~“ !~

I I

Fig. 3.3. The fan diagramor maximal crosseddiagram.
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sincewe are only interestedin the low frequencylimit. The conductancetensoris diagonal o~(w)=
0~u(w).We obtain

= 2ir Nh(EF) T DT ~ J (2n~F(q, 0)) (3.7)

wherewehaveintroducedthe diffusion constant:

D=1v~r.

Now we calculateF(q; a,). First we expressone of the electron—holepropagatorsby the productof
the Green’sfunctionsandthe matrix elements.We take the third diagramin fig. 3.3 andobtain:

~ Vg
1 G’~(�,k + gi) V~2G’~(�,k + g1 + g2) Vg3

a1

* V~,G~(�— hw, k’ — g1) V2 G’~(�— ha,, k’ — g1 — g2) V~3. (3.8)

For simplicity onegenerallyassumesisotropicscattering,i.e.

V
2-V2-— g

2 —

2~N(fF)T —

Furtherwe define:

H(k + k’; �, a,) = ~ GR(�, k + g) G~(�— hw, k’ — g). (3.9)

It only dependson the sum of k andk’ andwill becalculatedbelow.Now wecan write the considered
propagatoras:

F
0 H(k + k’) F0 H(k + k’) F0

Thereforethe sum of all maximal crosseddiagramsis given by:

F = F~+ F0 11F0 + F0 HF0HF0+ ... = i —‘Xw (3.10)

The rearrangementof the Green’sfunctionsandmatrix elementsin eq. (3.8) is generallyexpressed
by a two-particlepropagatorwhich meansthat the upperhole-line is turnedaround(seefig. 3.4).

Equation(3.10) can be written as a Dysonequationfor the two-particlepropagatoras shownin fig.
3.5.

It is equivalentto the following equation

F(k + k’; a,) = F0+ F0H(k + Ic’; w)F(k + k’; a,). (3.11)
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Fig. 3.4. The equivalenceof the fan diagram for particle—holeprop- Fig. 3.5. Dyson equationfor particle—particlepropagators.
agatorsand theladderdiagramfor particle—particlepropagators.

We evaluate11(k+ k’; w):

H = J (2i~.)ZG’~(�,k+ g) G~(�— hw,k’ — g) ~

We set k”= k+g and k+k’= q,

~I (2)z G’~(�,k”) G’4(�— hw, —Ic” + q) ~

We expand1lk”+q for small Iqi. (The justification that I~Imustbe small follows below.)Thenweobtain:

Id(Ik I 1 1
~N(�F)j —~--—jdn ~“—�—(ih/2r) r~”—e+hw—hvFq+(ih/2r)

_1 - IdIlk 1
h j S~a,V~q+l/T

=2rnI~I(�F)TJ~P:.:[1+iwT_ivFqT+j2(vFq)2T2_ ...1

~21TN(�F)T [1+ 1WT Dq2T] (3.12)

whereD = (v~r)/zis the diffusionconstantin z dimensions.Finally we obtainfor F:

F(k+k’~ )= {1/2~N(�F)}h/r1 — {l/21TN(EF)} (h/r) {2ir N(�F)/h}T [1+ iWT — D(k + k’)2’r]

— h 1
— 21rN(�F)r D(k + k’)2 r— iwr~ (3.13)

ObviouslyF is divergentfor a,-÷0andk + k’ —÷0showinga diffusion pole. It justifies theexpansionfor
small Iqi. So we finally obtainfor the correctionsin the conductance:

o(w) = —~ Dr 2J (2;)z Dq2r— ia,r~ (3.14)
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Sincethe main contributionof the integralarisesfrom small q-valuesthe q-integrationmight feel the
finite dimensionof the metal while the original k-integrationis insensitive.If we havefor examplea
thin film with a thicknessd and a meanfree path I which is lessthan d then the first k-integrationis
essentiallya three-dimensionalintegration. However, for the q-integrationthe allowed q-statesare
planesperpendicularto q~with q~equalto z.’ir/d (~= 0, 1, 2, . . .). Thereforewe introduceda different
dimensionalityz’ for the q-integration.Here we are interestedin the two-dimensionalcaseof weak
localization and set z’= 2. (It is important to keep in mind that the diffusion constantcontainsthe
dimensionalityz of the original k-integration.)For z’ = 2 we obtainfor the quantumcorrectionsof the
conductivity:

e2 1 1 2 1~ o~)= —2 DT ~ J ir dq DTq2 — 1a,T (3.14a)

The upper•limit of the integrationis a cut-off. It correspondsto the shortestdiffusion step in space
which is the diffusion during one single collision time. (The exact value of the upper limit hasno
influenceon the final result.)As we saw in theprecedingsectionwe obtainfor thedc conductivityof the
quantumcorrectionsa dampingdueto inelasticscattering.This dampingresultsin replacing(—i~)by
1/ri. So we obtain:

~ cr(0) = ~ ln(~). (3.14b)

3.3. Connectionwith thephysical interpretation

We want to justify the replacementof (—iw) by 1/r
1. In addition the width of the back-scattering

spotwhich we introducedin section2 will be derived.For this purposewe apply at the time t = 0 an
electric field of 0-form,

E(t) = 0(t)E0 = E0 J ~exp(—icüt).

The responseto this electric field can be calculatedwith the conductivity in eq. (3.14a).The resulting
currentis j (w)= o-(co)* E(w). Thereforethe time dependenceof the currentis given by

2e
2 1 fdwf

2 1
j(t)= _-~DT~~j ~-~j d ~~~q2_ja,~exP(_Iwt)Eo

We performthe w-integration:

= — ~- D (~.)2 Jd
2q exp(—Dq2t) E

0. (3.14c)

This resultdemonstratesthat essentiallyonly suchq-valuescontributeto the currentfor which Dq
2t
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is less than 1 which meansthat the radiusof the spot around (—k) is roughly given by q~= 1/(Dt).
Largervaluesof I~I aresuppressedby the Gaussdistribution.Furthermorewe seethat apeakedelectric
field causesa slowly decayingcurrent in opposite direction which is identical with the “echo” we
discussedabove.Although the inelastic processesare not included in this calculationonerealizesthat
they causean additional exponentialdecay proportionalto exp(—t/T

1) becausethe coherencedecays
with this characteristictime. If we multiply (3.14c) by exp(—t/’r~)andreturn to the a, representationwe
find:

o(w) = —2 -~---DT —~—-~~I d
2q 2 1 - (3.15)

ITh (2ir) Drq + r/r~—

Now we easily obtain the dc conductivity by setting w = 0. In thefollowing the generalprocedurewill
be to neglecttheinelasticprocessesduring the calculationandto replace(—iw) by lIT

1 in the final result.

3.4. Magneticfield

An externalmagneticfield perpendicularto the two-dimensionalfilm planehasa stronginfluenceon
the quantuminterference.The vectorpotentialwhich is causedby the magneticfield modifies the phase
of the wave functionswhich resultsin a partial destructionof the quantuminterference.We considera
two-dimensionalsystem in which the meanfree path is much smaller than the cyclotron radius.Then
the main effect of the vector potential on the electronicwave function or on the Green’sfunction
respectivelyis a changeof thephasebetweentwo different points.If G(r — r’) is theGreen’sfunction in
the absenceof an externalmagneticfield then in the presenceof a magneticfield (or a vectorpotential
respectively)it is given by:

r

O(r, r’) = G(r — r’) exp[~I A(s)dsl . (3.16)

r

In the presenceof a vector potential the Green’sfunction is no longertranslationalinvariant. With
these modified Green’s functions we can repeatthe earlier summationof the crosseddiagrams.
However, now it is favourable to perform the calculation in real spaceinstead of momentumspace.
Thenoneobtains:

r1 w)= GA(r, r1 �—ha,)GR(r, r1 �)

A R {2ief= G (r— r1�—ha,)G(r— r1 e)exp1—~--j A(s)ds

r

= H(r — r1 w) exp[~ J A(s)ds]. (3.17)

Now we want to demonstratethat this is equivalentto the replacementof q by q + 2eAIh in H(q; �, a,).

For this purposeAltshuleret al. consideredH(r, r’; a,) as an operatorwith its eigenfunctionst4c,(r) so
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that:

I Ii(r, r’; a,) ~~(r’)d3r’ = A(~)~i~(r)- (3.18)

Introducingthe vector potentialoneobtains:

I H(r — r’; w) exp[~ J A(s)ds] ~(r’) d3r’ = A(~)~~(r).

We expandA(s) and t/i~(r’)aboutr up to secondorderandobtain:

(3.19)

Hereit was used that:

i2 3, ~-‘

i H(r—r;w)(r—r) dr =—-~—~H(q;w)
j uq qO

Eq. (3.19) demonstratesthat the eigenfunctionsof H(r, r’; w) are identicalwith the wave functionsof
particlesof charge2e in a magneticfield. Onefurther realizesthat in a magneticfield q = k + k’ can be
replaced by q + 2eA/h. Here q correspondsto a momentumof the doubly chargedparticle. In a
magneticfield (q + 2eA/h)2is quantized.This leadsto the replacementrule

2 2 4eHf 1\q ~ (3.20)

With the abovecalculatedvalueof H, eq. (3.12), the eigenvalueof A in a magneticfield is given by:

A~ ~ [l+iwr_DT4~j±(n+~)]. (3.21)

We maycalculatei?(r, r’; w) by multiplying eq. (3.18) by çIi~(r”)andsummingover all i~.This yields:

I fl(r, r’; a,) ~ t/i~(r”) t/i,,(r’)d3r’ = ~ A(i
1) i/í~(r”)

17(r, r”; w) = ~ ifr~(r)~/i~(r”)A~. (3.22)

The pre-factorof thesumtakescareof the degeneracyof the quantizedstate(for onespin orientation).
Sincethe H(r, r’; w) dependson thevariablesof realspacer andr’ one may proceedin calculatingalso
F in real spaceand use the Kubo formula in real spaceto calculatefinally the conductivity. We can,
however,usethe abovecalculationfor F(q; w) ando(w) to obtainthe correspondingfunctionsF(q; w)
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and u(w) in a magneticfield. The only changeis the quantizationof q2. Thereforewe find:

h 2 - (3.23)21rN(�F)r D’rq~—lwr

The correspondingequationto (3.14a)for the conductivity is:

2 H fl/Dr4eH 1
o-(w = 0, H) —2-~~D’r~-,~ Dr(4eH/h) (n+~)+T/T~ (3.24a)

For the dc conductivity we replaced(—iw) by lIT
1. The sum over n can be expressedin terms of two

digammafunctions,

o(a, =0,H)= —~-~-~ [~(~4e1~Hr) ~~4eI~Hri)] (3.24b)

The first digamma function can be approximatedby ln(h/4eDHr), its asymptotic limit for large
argument.

3.5. Spin—orbitscatteringand magneticscattering

Until now wediscussedonly scatteringprocesseswherethespin of the electronwas conserved.This
is no longer correctif oneincludesspin-orbitscatteringand scatteringby magneticimpurities. Let us
first considerspin-orbitscattering.If an electronwith spin o is scatteredby a Coulombpotential V(r)
from the statek into the statek’ the matrix elementof the scatteringis given by:

Vk_k.[1 + ic(k X k’)uI (3.25)

where c is a small constant.In analogyto eq. (3.8) we form the productof thecorrespondingmatrix
elements.We obtaininsteadof F0 = ~ V~,k~:

F°a~ya= 2ITN(�F) 078 — ~ ~ O~0~y&]. (3.26)

In analogy to the replacementof Vg1
2 by [2ITN(�F) i-o/h]1 we haveto replacethe secondterm

I Vg12c2 (Ic x k’)~by [27rN(�E) rjh]1. In the two-particleoperatorF we nowhaveto includethe spins
of theelectronlines.

The new Dysonequationin analogyto fig. 3.5 andeq. (3.11)is shownin fig. 3.6.
This correspondsto theequation

Fa~.y
8= F~p,,8+ ~ F~7~~ ~ ,,~. (3.27)
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Fig. 3.6. Dysonequationfor particle—particlepropagatorsin thepresenceof spin-orbit scattering.

This yields for isotropicspin-orbitscattering:

F° —F° — h ~(-LLL
++.++ — — 2iTN(�r~)‘~~r03 ~

1° —1° —— h 328
— -+,+- — 2~N(�F)3Tso (.

F° =F° = h *(i+~I -
++.—— ——-~~ 2irN(�~) \To 3 ‘Tso

All otherF°vanish.
In theevaluationof theconductivity in theKuboformula[eq.(3.6)] onehasto payattention that on

theonehandthespinof theenteringelectronandhole mustbeidenticalandon theotherhandthespin
of the leavingelectronandhole.This meansthat only thoseF contributeto theconductivity with a = 0
and f3 = y. Thereforethe quantumcorrectionto the conductivity is in analogyto eq. (3.7):

= — 2ITN(�F) T~_DTJ~—~2 (F++.++ + F~,+ F÷~~+~ (3.29)

In a perpendicularmagneticfield onehasto replace,as we saw above,f d
2q/(2ir)2 by eHlirh s,,. The

influenceof the magneticfield on the magneticmoment of the electrons,i.e. the Zeemanterm, is
neglectedin the evaluation.It hasbeencalculatedby Maekawaand Fukujama[24]but it turnedout
that its influence can be neglectedfor thin films with a meanfree path down to 10A. Therefore
H(k + k’; a,) is not modified and given by eq. (3.12). The relaxation time 1 which appearsin the
denominatorof the Green’sfunctionsis given by:

T~ T
0~+T~. (3.30)

(In the presenceof magneticscatteringonehasan additional term r~’on the right side.)
Onemay expectthatthesmallcontributionof i/r~to l/ro couldbe neglected.This is, however,notthe

casebecauseonefindsacancellationof thein- andout-goingscatteringprocessesin thedenominatorof eq.
(3.10)andevensmallcontributionsas i/Taodestroythedivergenceof thisdenominator.We obtainfrom the
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Dysonequation(3.27)

For r ++,++
‘+±.++‘__.__l_FO H

++, ++

— h i (3.31a)
— 21rN(�F)TDq2r— iwT+~3T/T~

0

and:

- - F~+ (1- ~ H)+ ~ ~ H
+—, —+ — —~-~— — 1 — F° H2_ H 2 ‘F° \2

—— ‘ +—, —+1

— 11 ( 1 — 1 (331b
—

41TN(EF) T \Dq2r — iWT+ ~TITao Dq2T — i0)T) 3 Tao

We proceedthe calculationfor finite magneticfield becauseit includesthe caseH = 0 andobtain for
the additional conductivity:

r(w=0,H)—~~-~~1~(~~~)—~ (3.32)

where:

H

1 = H0 + H~0+ H~

H2 = ~Hso + ~ + H~

(3.32a)
H3 = 2H~+ H1

H4 = ~H~0 + ~ + H1.

The characteristicfields H~ areconnectedwith the characteristicrelaxationtimes ‘z-,, by the relation:

~ (3.33)

Herethe indicesstandfor thefollowing scatteringprocesses:
o= potentialscattering

= inelasticscattering
s = magneticscattering

so= spin—orbitscattering.
The abovecalculationhasbeenperformedfor H5 = 0, i.e. no magneticscattering.We have,however,

includedthe effect of a finite magneticscatteringinto the final result to avoid additional formulae.
Magneticscatteringis generallydueto an exchangeinteractionbetweenthe magneticimpurity and

the conductionelectronandexpressedby a perturbationHamiltonian of the form JSu.The magnetic
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impuritiescauseamagneticscatteringtime:

1 2ITN(EF) n~J2(S’)2 (3.34)

where i denotesthe componenti, n~is the magneticimpurity concentrationand (S1)2 is the thermal
averageof (S1)2. This yields for F

0

F~78= 2ITN(�F) [~-5~0~+ ~(~—4-) ~ ~ (3.35)

Now onecan repeatthe abovecalculationwith the new F0 and

T
1 = T

0
1+ T~+ T1

andoneobtainsthe resultof eqs.(3.32), (3.32a). In mostpracticalcasesthe relativecontributionof the
spin-orbitscatteringandthe magneticscatteringto the elastic lifetime is so small that T can be replaced
by ro in the final equations.

4. Generalpredictionsof the theory

Since the theoreticalequationsare rathercomplex and do not give a transparentinsight into the
dependenceof the resistanceon thevariousparametersthe theoreticalfeaturesareplottedin figs. 4.1—4
for a few characteristiccases.

Since for weak localization in two-dimensionalsystemsthe conductanceis the more appropriate
quantity becausethe conductancecorrection does not directly dependon the resistance,thickness,
elastic free path of the electronsetc. and is proportional to the universal conductanceL~ which
dependsonly on universalconstants,it wouldbe reasonableto use~LIL

00asthe ordinate.On the other
handoneis muchmorefamiliar with a resistanceplot — in particularas a function of the temperature.
Thereforewe choosefor the scale on the left ordinate the resistance(per square)and on the right
ordinatein negativedirection L/L~. For a comparisonwith the theory only the right scaleis relevant.

4.1. Temperaturedependence

In fig. 4.1 the resistance(normalizedconductancei~L/L~) is plottedas a function of ln(l/r1) which is
the naturalvariable in the problem.The heavy full line describesthe logarithmic dependenceof ~R

(AL/Lw) on the inelasticscatteringtime in the absenceof spin-orbitscatteringandmagneticscattering.
The heavydashedcurveyields the resistancefor finite spin-orbitscatteringwith Tao = 1. The otherthin
full curves (i/Tao = 0) and thin dashedcurves(1/Tao= 1) are calculatedfor a different strength of the
magneticscattering.The parameterat the curvesis ln(1/r5). (The times are measuredin appropriate
units in this schematiccalculation.)One recognizesthat—in the absenceof magneticscattering—the
spin—orbit scatteringreversesthe sign of the slopefor lIT, < i/Tao. Since one expectsa non-vanishing
spin—orbit scatteringin everymetalthis behaviourshoulddominatein every thin film at sufficiently low
temperature.Thefact thatsuchanincreaseof theconductancehasnot yetbeenobservedbyexperimentis
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Fig. 4.1. Theresistance(normalizedconductance~L/L00right scale)plotted asafunction of ln(l/r). The heavyfull line correspondsto hr, = 0 and
1/; = 0, i.e. no spin-orbitscatteringandno magneticscattering.Thethick dashedcurveyields theconductancefor r,,, = i. Theotherthin full curves
(hr,0= 0) andthin dashedcurves(i/r,,,= i) arecalculatedfor different strengthof themagneticscattering.The parameterat thecurvesis ln(i/r,).

dueto theadditionalresistanceanomalycausedby theelectron—electroninteraction.In additionmagnetic
scatteringblocksthe influenceof quantuminterferencesfor T1> T, as fig. 4.1 demonstrates.

4.2. Magneto-resistance

In fIg. 4.2 the resistanceis plottedasa function of the appliedfield. The spin-orbitscatteringandthe
magneticscatteringaresetto zero.The third axisis ln(H1). (Both H andH1 aremeasuredin the same
although arbitrary units.) The width of the magneto-resistancecurves is proportional to H~ and
[L(H) — L(0)]IL~is a universal function of H/H,. The dashedline (at H = 0) yields essentiallythe
linear increaseof the resistanceas a function of the logarithmof H1 or i/IT, respectively.

Fig. 4.3 shows the influence of the spin-orbit scattering.The correspondingmagneto-resistance
curvesare calculatedfor Hao = 1. One recognizesthat the magneto-resistancereversesits sign for
H1 ~ H,,, at low fields whereasin large fields the negative magneto-resistancebehaviouris recovered.

The magneto-resistancecurvesarefor H1 ~ H,,, almostas narrowasfor H,.,, = 0. This is demonstrated
in fig. 4.4 which shows i~R(H) (or [L(H)— L(0)]/L~ respectively)for different ratios of HaoIHi. The
numbersat the curves give this ratio. The figure demonstratesthat for small ratios the spin-orbit
scatteringbroadensthe magneto-resistancecurves. For large spin-orbit scattering (H,,, ~‘- H,) and
H ~ H5,, the influenceof the spin-orbit scatteringis saturated.The magneto-resistancecurvesshowa
similar bell shapeas for Hao = 0, however,with oppositesign andonly half the amplitude.Thereforea
quantitativedeterminationof H, is possibleby saturatingthe spin-orbitscattering.

The influence of magnetic scattering is quite different and demonstratedin fig. 4.5. Here the
spin-orbit scatteringis set to zero andthe characteristicfield H. for magneticscatteringis set equalto 1.
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Fig. 4.2. The resistance(normalizedconductancet~LILm)asa function of theappliedmagneticfield H. H,,, andH~aresetequalto 0. Parameteris
the inelasticfield H,. The third axis is ln(H~).

As a result the magneto-resistancecurvesremainbroadfor H, < H.,. Roughly speakingthe effect of a
finite H, is similar to a finite H1. Both correspondingtimes T, andT, givethe upperlimit for the coherent
interferenceof the two complementaryscatteredelectronwaves.

The magneto-resistancecurveof a realthin film is determinedby severalcharacteristictimesor fields

R H~0u1

-30 -20 -10 10 20 30
H

Fig. 4.3. The resistance(normalizedconductancei~L/Lm)asa function of theappliedmagneticfield H. H.,, is setequalto i andH.= 0. The third
axisgivestheparameterln(Hj.
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Fig.4.4. The resistance(normalizedconductanceAL/L~)asa function of theappliedfield for different ratiosof H,0/H1.
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Fig.4.5. The resistance(normalizedconductanceAL/L~~)asa function of theappliedmagneticfield H.H, is setequalto I andH,, = 0. Thethird
axisgivestheparameterln(H,).



G. Bergmann, Weaklocalization in thin films 35

respectively,H,, H.,,, and H.,. The evaluation is not generallyunique.This is demonstratedin [105]
whereit is shown that the samemagneto-resistancecurvesareobtainedfor differentparametersetsof
H

1 and H,,, or H1 andH., respectively.

5. Experimental results

As we discussedbefore magneto-resistancemeasurementsallow to determinecharacteristicelec-
tronic times in two-dimensionalsystems.Since it is possible or even probablethat the electronic
propertiesand thereforethe characteristictimes dependon the propertiesof the metallic films we first
want to considerthe different methodsof film preparation.

5.1. Film preparation

(1) Roomtemperaturecondensation.
Herethe thin films arecondensedonto a substrateof room temperaturein a high vacuumsystemor

evenin an ultra-highvacuum.Sincethe metal forms first islandsduring the condensationwhich needa
critical thicknessto grow togetheronehasto distinguishtwo different cases:(a) the film still hasa high
resistancebecausethereis only a weak contactbetweenthe different islands.In this casethe film is
highly inhomogeneous;onehasa very good conductancewithin each islandand a poor conductance
betweenthe different islands (may even be a tunnelling contact). It is often arguedthat the in-
homogenityis not relevantfor weak localizationas long as the Thoulesslengthis largerthanthe grain
size,but I doubt thisoptimism. (b) When the islandshavegrown togetherandform ahomogeneousfilm
onefinds (for simple andnoble metals)generallya rathersmall defect concentrationand therefore
rathersmall resistances.Their electronsare mainly scatteredat the surface.Fermi velocity and other
electronicpropertiesshouldbe closeto the bulk. For inelasticscatteringthe surfacepropertiesmaybe
importantand in particularthosefilms which arenot protectedagainstair during the transferfrom the
evaporationsysteminto the cryostatemay beinfluencedby oxidationas well as absorbedimpuritiesat
the surface.

(2) Quenchedcondensation.
Here thin films are condensedonto a substrateat helium temperature.Becauseof the low

condensationtemperaturethe metalatomshavea low diffusion mobility. This hastwo consequences:(i)
the critical thicknessat which a condensedfilm becomescontinuousis considerablysmaller than for
room temperaturecondensationand it is possibleto preparehomogeneousfilms with high resistance;
(ii) the physicalpropertiesof the highly disorderedfilms differ from the perfectmetal. For exampleif
the metal is a superconductorits superconductingtransition temperatureis enhancedin the quench
condensedstatebecauseof a changein the electron—phononinteractionandthe phononspectrum.

(3) Interoxidizedfilm.
This methodhasbeenapplied by the Tokyogroup [861.They condensefirst a film for exampleCu

with a thicknessof 20 A. This film is not continuous.Then they oxidize the metalwhich hindersthe
diffusion. Afterwards the whole procedureis repeateda few times until a film with the required
resistanceis obtained.Onewill expectthat this Cu/CuO~differs in someof its propertiesfrom pure
Cu-films andits inelasticlifetime aswell. -
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(4) Sputteredfilms.
Another ratherpopularmethod to preparefilms is sputtering.It yields ratherhomogeneousfilms

with a high degreeof disorder.This methodhas hardly been applied in the investigationof weak
localization.

5.2. Two-dimensionality

Theeffectof finite film thicknesshasbeendiscussedby AltshulerandAronov [27],Berggren[53]and
Ovadyahuet al. [91]. For QUIAD thin disorderedfilms can generallybe consideredas two-dimen-
sional. However, sincea thin film can be two-dimensionalfor onephenomenonandthree-dimensional
for anotherit is useful to discussthe dimensionof a thin film moregenerallyincluding the effect of
electron-electroninteractionwhich is treatedonly in section7.

Onehasto distinguishbetweenthe dimensionalityof differentphysicalsituations:

(1) Normalconductance.
With respectto the normalconductionprocessa film is three-dimensionalwhen the thicknessd of

the film is largerthanthe meanfree path1. If the normalconductionprocessis three-dimensionalthen
onehasto usethe three-dimensionaldiffusion constantD = IVF/

3 in the former equations.

(2) Weaklocalization.
The thin film is two-dimensionalwith respectto weak localizationwhen the diffusion time from the

top of the film to the bottom is small comparedto the characteristictime of the electrons.In zero
magnetic field this time is the inelastic lifetime of the conduction electrons.The condition for
two-dimensionality is thereforein zero field: d2 4 Dr~.In a finite field the characteristictime is the
smallervalueof T~and tH = h/(4eDH).For largefields the correspondingconditionis therefore:d2 4
DtH = h/(4eH).

(3) Electron—electroninteraction.
For the electron-electroninteraction (see section 7) the characteristictime is ‘r~,-= h/(2lrkBT).

Thereforea thin film is two-dimensionalwhen d2 4 Dh/(2irk
8T).

(4) Phonons.
Thedimensionalityof the experimentalfilm with respectto the phononsis ratherdelicate.Themost

probablephononwave number at a finite temperatureT is roughly qr 2kBTI(hc) where c is the
soundvelocity. Therefore,with respectto the phononsoneis often in the intermediaterangebetween
two and three dimensions.However, the fact that the thin film is in direct contact to the quartz
substratewill enhancethe three-dimensionalitybecausethe phononsextendinto thequartz— despitea
mismatchat the interface.

It is, however,not difficult to extendthe theoreticalformulaeof weak localization to a finite film
thickness.In the derivationof the correctionto the conductanceone hasto performa summationover
the pseudo-momentumq. For a two-dimensionalsystemonesetsq~= 0 andneglectsall othervaluesof
q~.For afinite film thicknessonehasto addthe contributionof finite q~.Therearetwo possibilitiesto
include finite q5 dependingon the boundaryconditionsfor the Cooperon.With periodic boundary
conditionsq~can takethe values ~2ir/d,where ii takesall integersfrom minus infinity to plus infinity.
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Anotherboundarywhich is usedin superconductingfilms and whichcorrespondsto vanishinggradient
at the surfacesyields q~= inr/d where i.’ takesall valuesbetweenzero andplus infinity and appearsto
be moreappropriate.Thenonehasto replaceq2 by ~ + q~andsumover all allowedq~,i.e. all ii. For
the magneto-resistanceformulaefor exampleone hasto replacethe argumentin the digammafunction
[~+ H,JH] by [~+ H,.JH+ v2(Hd/H)], whereHd = (hir2)/(4ed2). Afterwardsonehasto sum over ,.‘ from
zeroto infinity. In the limit of d —~~ one recoversthe three-dimensionalcase.

5.3. Magneto-resistancemeasurements

As we discussedabove the magneto-resistanceis the most reliable method to investigate the
quantuminterferencesat defects. It is hardly affected by the Coulomb anomaly and reflects the
interestingelectronictimes.

The first experimentalfinding of magneto-resistancein thin disorderedfilms was in the early 1979 on
quench condensedPd [158].This was before the theoretical discovery of weak localization. The
appearanceof the theory of the magneto-resistanceof QUIAD stimulated,of course,the experimental
investigations.Besidesthe MOS inversionlayerswhicharenot discussedhere,most of the experiments
concentratedon Cu-films [90, 94, 105, 108—109, 121], Ag-films [103,105, 112], Au-films [99, 105, 107,
112], Mg-films [92,96—98, 116, 119, 127],Bi-films [104,111, 114, 1211,Pd andPdAu alloy-films [95,1221
andPt-films [101,132] andindium oxide films [89,91, 124]. The experimentalresultsshow considerable
differences.For example some of the Cu-films showedfor all temperaturesabove 4 K a negative
magneto-resistance[94,90] while others [105, 108, 159] possessa positive magneto-resistanceat low
fields and low temperatures(4.2K). Abrahamand Rosenbaum[109] found both kinds of behaviour
dependingon thethicknessof the Cu-film. Also the temperaturedependenceof the magneto-resistance
is quitedifferent for differentauthors.Van Haesendoncket al. [90]andAbrahamandRosenbaum[1091
observedonly a weak temperaturedependencebelow 20 K. It is generallybelievedthat the missing
temperaturedependenceis causedby magneticimpurities. In fig. 5.la—c someexperimentalresultsby
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Fig. 5.1. The magneto-resistance(or magneto-conductancerespectively)of a thin Cu-film, (a)from van Haesendoncket al. [90],(b) Gershenson

andGubankov[1001,(c) Komori et at. [159].Thepointsareexperimentalresultsandthefull curvestheoreticalones.

van Haesendoncket al. [90],GershensonandGubankov[108]andKomori et al. [1591areshown.The
full curvesrepresentthe theory.

For heavier metals like Ag, Au, Pd, Pt and Bi one observesin all investigated films at low
temperaturesand low fields a positive magneto-resistancedemonstratingthe dominant role of the
spin-orbitscattering.Fig. 5.2 showsthe resultsby Gershensonet a!. [103]on Ag andfig. 5.3 reproduces
the magneto-resistanceon Au measuredby KawagutiandFujimori [112].For both measurementsone
recognizesa very goodagreementbetweenexperimentand theory.A similar good agreementhasbeen
observedfor Bi-films by Komori et al. [111]andWoerleeetal. [1141.As hasbeenpointedout in section
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Fig. 5.2. The magneto-resistanceof a thin Ag-film taken from Gershensonet al. [1031.The points are experimentalresultsand the full curves
theoreticalones.

2 the author found also very good agreementbetweenexperimentand theory for quenchcondensed
Mg, Cu, Ag and Au. Theonly systemwherethe authorfoundcleardeviationsbetweenexperimentand
theory until now is Pd. Pd shows a strong positive magneto-resistancebut evenwith infinite large
spin—orbit scatteringit is not possibleto reproducethe experimentalpointswith theory. It is probable
that the deviation is causedby the nearly ferromagneticbehaviourof Pd. The applied magneticfield
may changethe inelasticlifetime.

Oneimportantcheck of the theory of weak localizationis the anisotropyof the magneto-resistance.
The magneto-resistancefor fields parallelto the film shouldbe muchsmallerthanperpendicularto the
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Fig. 5.3. Themagneto-resistanceof athin Au-film taken from Kawaguti andFujimori [1731.The pointsareexperimentalresultsandthefull curves
theoreticalones.
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film [27].This anisotropicbehaviourhas beenobservedin manythin films [90, 108—109, 112, 159, 101,
99, 122, 111, 104, 114, 91].

At this point it appearsreasonableto discussthe evaluationof experimentalcurvesin somedetail.
We havetwo different cases:(a) the magneto-resistanceis for all fields positive or negative,(b) the
magneto-resistancechangessign as function of the magneticfield. In the latter caseit must bepositive
at smallfields andnegativeatlargefields. (In thisdiscussionweassumethatthemagneto-resistanceis only
due to weak localization. Othermagneto-resistanceeffectssuchas the classicalonecan complicatethe
evaluationorcanevenmakeit impossible.)In thesecondcaseonedeterminesindependentlythespin-orbit
scatteringtime andthephasecoherencetime (inelasticlifetime). Of particularimportanceis thequadratic
field dependenceat low fieldsandthepositionof themaximum.Generallyit is not possibleto analysethe
phasecoherencetime in terms of the inelasticlifetime and the magneticscatteringtime. Every metal
containsmore or less magneticimpurities which destroy the phasecoherenceof the two interfering
(complementary)wavesafterroughly thetime ; (seebelow). Onecan easilyextractfrom thetheoretical
formulaofthemagneto-resistance[105]thatit ishardlypossibleto separatethetwo mechanisms.Therefore
in the evaluationof the experimentonedeterminesan effective inelasticlifetime andhasafterwardsto
discussapossiblemagneticorigin. Thisisparticularlydifficult if theinelasticlifetimechangesthepower-law
of its temperaturedependence.On the otherhandthe effect of magneticimpuritiescan be erroneously
interpretedas a changeof thepower-law of 1/T,(T).Theevaluationof the first casewith amonotonous
magneto-resistanceis even more difficult. Here the measurementdoes not allow an independent
determinationof theinelasticlifetime andthespin-orbitscatteringtime [105]. If onehasthe possibilityto
changethespin-orbitscatteringtimeduring theexperimentthenonecan evaluatetheexperimentaldata,
otherwisean independentdeterminationof T

1 and Tao is not possible.Of course the difficulty of the
distinctionbetweenT~andT~remains.

The main information on the experimentalmagneto-resistancecomesfrom the low-field behaviour.
There is no reliabledeterminationof T~if the low-field part is not accuratelymeasured.The high-field
behaviourof the magneto-resistanceis lesswell describedby the theory.This hasseveralreasons.First
in a high magneticfield the coherenceof the complementarywaves is already destroyedafter the
relative short time tH = h/(4eDH).For sufficient high fields the film is no longertwo-dimensionalwhen
d

2 DtH. Thereforea thin film doesnot show a ln(H)-dependenceof the magneto-resistancein high
fields. One can, however,take care of this high-field deviationby summingover finite kr-planesin
k-space.The secondhigh-field difficulty is moreserious.In the derivationof the theory one restricted
the calculationto a q2-expansion,all higher powersof q havebeenneglected.Thereforethederivation
is only applicable for small q2. Since q2 correspondsto (n + ~)4eH/h the final formulae for the
magneto-resistanceapply only to fields which are not too large (the actual deviation at high fields is
difficult to calculate).

Furthermoreat high fields the electron—electroninteractionwhich we will discussin section7 may
causea magneto-resistance.According to Lee andRamakrishnan[33]oneexpectsa positivemagneto-
resistanceat fields of the orderof [2~tB/kBT]1.Generallythis contribution is completelynegligible in
the interesting field rangeof QUIAD. In addition a strong spin-orbit scatteringshould destroy this
magneto-resistanceand a recentcalculation by Finkelstein [160] suggestthat a repeatedelectron—
electroninteractionhasto be takeninto account.

5.4. Magneticimpurities

The QUIAD allows to study the propertiesof magneticimpurities becausethe magneticscattering
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Fig. 5.4(a,b). The magneto-resistancecurvesof a thin Mg-film before and after the coveragewith about1/1000 layer of Fe. The points are
experimentalresultsandthefull curvestheoreticalones.

brings the two complementarywavesout of phaseand the magneto-resistanceyields the magnetic
scatteringtime as a function of temperature.This effect is frequently an undesireddisturbancein the
investigationof so-called“pure” films as discussedabove.

The physical reasonfor the destructiveinfluenceof magneticimpurities is quite interesting.We
considerthe motion of the two complementarywavesin real space(fig. 2.5). The partial wavewhich
propagatesalongthe first pathis scatteredby magneticimpuritiesalongits way andexchangesspinwith
the localized magneticimpurities. During this propagationthe spin of the electronis rotatedduring
each “spin-flip process”by a small angle in space(the total spin function which is the sum of the
potential scatteringand the spin-flip scatteringis only slightly tilted during such a process).The
complementaryelectronwave which passesthe impurities in oppositedirection meetsthe magnetic
impurities in the sameoriginal orientation.Only suchprocesseswhich generatethe same“spin-flips” at
the magneticimpuritiescancontributeto the interference.For theseprocessesthe partial electronwave
experiencesthesamespin rotationas theformercomplementarywave.However,this rotationoccursin
the oppositesequence.Sincethe three-dimensionalrotationsdo not commutate(this is a non-Abelian
group)the two final spin statesarenot the sameandthe interferenceis progressivelydestroyed.

Theauthor[981studiedtheinfluenceof Feon the magneto-resistanceof Mg. First a thin Mg-film has
been investigated and its inelastic lifetime (and spin-orbit scatteringtime) has been determined.
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Fig. 5.5. Theinversemagneticscatteringtime of Mg with about 30ppm Fe asa function of thetemperature.

Afterwards the Mg-film hasbeen coveredwith about 1/1000 layer of Fe. Since only the magnetic
scatteringtime, i.e. the correspondingfield H,, is changedthe evaluation allows an unambiguous
determination of H., or -r., respectively as a function of temperature.Fig. 5.4a shows the magneto-
resistancecurvesof the Mg before and fig. 5.4b after the coveragewith Fe. Again the full curvesare
obtainedfrom the theory.In fig. 5.4b only H, hadto be adjusted.Fig. 5.5 shows1/; as a function of
temperaturefor Fe in Mg. Herethe Fe hasbeenburied by anotherfive layersof Mg.

In this casethe Fe is a “bulk” impurity. Often one finds for bulk magneticimpuritiesan interesting
deviationfrom the theory.The magneto-resistanceshows a small minimum at zero field which has
nothingto do with spin-orbitscattering.It might be causedby the interactionof the Fe-atomsor by a
Kondobehaviourwhich takesmultiple scatteringof the conductionelectronby one magneticimpurity
into account[67].This effect hasalsobeen seenin thin Cu-film with about 10ppm Fe. The effect of
magneticimpuritiesis only little exploredand promisesnew basicinsight into the physicsof magnetic
impurities. For examplethereis yet no direct experimentalverification of the temperaturedependent
magneticscatteringtime in Kondosystems.Weaklocalizationprovidesa methodfor its measurement.

5.5. Spin—orbitscattering

The importanceof spin-orbit scatteringon QUIAD hasbeendiscussedin section2. We haveseen
that a superpositionof Mg with Au allows a controlledchangeof thespin-orbitscattering.With suchan
experimentone can examinethe consistencyof the magneto-resistance[1161.In fig. 2.11 the magneto-
resistancecurves of a pure Mg-film were plotted for different temperatures.Fig. 5.6 shows the
magneto-resistanceof the sameMg-film with a coverageof 1/4 layerof Au. The two setsof curvesin
fig. 2.11 andfig. 5.6 arecalculatedfor eachtemperaturewith the samevalueof H~(T)(or T

1 respectively)
and eachset is calculatedwith the sameH.,,,. This meansthat the two setsof curvesdiffer just by one
parameter;the spin-orbitscatteringwhichis modifiedby the additionalAu. This demonstratesthehigh
degreeof consistencybetweenexperimentandtheory.

Concerningthe spin-orbitscatteringtime ‘r,,, systematicwork hasstill to be doneto investigatethe
dependenceon differentmetalsas well as on the structureof the film, i.e. its defects.Here onehasto
keep in mind that only the non-periodic part of the spin-orbit coupling potential of the atoms
contributeto the spin-orbitscattering(the periodic part is absorbedin the Bloch wavefunction of the
electron).
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Fig. 5.6. Themagneto-resistanceof thesameMg-film asin fig. 2.11 aftersuperpositionwith 0.25 atolaof Au. Theunits of themagneticfield arethe
sameas in fig. 2.11. Thepointsrepresenttheexperimentalresults.The full curvesarecalculatedwith thesamesetof H~(T)asin fig. 2.11 andthe
new value H,,,= 0.54T.

5.6. Temperaturedependenceof the resistance

The first predictionof the theory of weak localizationwas the logarithmic anomalyof the resistance
with temperature[2,41.As shownin fig. 2.4 such a resistanceanomalyhasbeenobservedexperiment-
ally by severalauthors[85,87, 86] shortly afterthe theory wasworkedout. However,ataboutthe same
time Altshuler et al. [12] showedthat the dynamicmodification of the electron-electroninteractionin
disorderedmetalsyields in two dimensionsa very similar anomalyof the resistance(seesection7).

First the two theoreticalpredictionshavebeenconsideredas alternatives.However, after the first
magneto-resistancemeasurementsit becameclear that both effects coexist. On the other hand the
spin-orbit scatteringshouldmodify or eveninvert the contributionof weak localization. For example
the measurementsby Dolan and Osheroff [85] used Au/Pd alloys in which the spin-orbit scattering
should dominateandthe theory of weak localizationpredictsin this casea logarithmicdecreaseof the
resistancewith decreasingtemperature.Thereforethe original interpretationbecamedoubtful andthe
investigationof the magneto-resistancewas mucheasierto interpret.

On the other hand magneto-resistancemeasurementsin small fields yield the inelastic lifetime
‘r,(T) T~ and the spin-orbit scatteringtime r,,~.Thereforeone knows the relevantparametersof
weak localizationand their temperaturedependence.This allows to calculatethe temperaturedepen-
dent contribution of weak localizationto theresistance.If oneconsidersa two-dimensionalsystemin
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which the spin-orbitscatteringis changedfrom 0 to infinity while the temperaturedependentinelastic
lifetime is not alteredthenthe temperaturedependentcorrectionof the conductanceL~L~

1changessign
and reducesby a factor of 1/2. Experimentallythis manipulation of the spin-orbit scatteringcan be
achievedby superimposingMg with a fraction of a monolayerof Au. In fig. 2.11 and fig. 5.6 the
magneto-resistancecurvesof such a thin film havebeenshown.For the samesystemthe author [1161
measuredalsothe temperaturedependenceof the pureMg-film andtheMg coveredwith 1/4 layerof Au.
Thetemperaturedependenceof theresistanceisshownin fig. 5.7. Obviouslyonefindsthestronginfluence
of the spin-orbitscattering.

Fromthe evaluationof the magneto-resistancemeasurementswe know the temperaturedependence
of H1(T). Togetherwith the two values of H,,,, we can calculatethe temperaturedependenceof the
resistancewhich is causedby weak localization. This is, of coursenot the only contribution to the
temperaturedependenceof theresistance.In addition we havethe Altshulercontributioncausedby the
electron-electroninteraction and (at higher temperature)the thermalpart. But when we take the
differencein the resistancebetweenthe Mg- and the MgAu-film then the other contributionsshould
cancel and we can checkwhetherthe temperaturedependenceof weak localization also obeysthe
theory.Both, the experimentaldifferencesandthe theoreticalonesusingI-I,(T) andthetwo H,,,, values,
are plottedin fig. 5.8. There is a good agreementbetweenexperimentandtheory which demonstrates

T (K)
T(K) 5 10 20

5 10 20 I

I I

79.1 ~ L00 (~i)

79.0 ::: 1.5 1::
Au ~N 1028 14 18

Mg _~•~,~-•-~ 1046

1.3
.—.— -17

77.5 1047 I I

1.5 2.0 2.5 3.0 1.5 2.0 2.5 3.0
ln(T) ln(T)

Fig. 5.7. The resistance(i.e. the normalizedconductanceL/L~using Fig. 5.8. The differencebetweenthe measuredresistanceof theMg-
theright scale)asfunction of ln(T) for a Mg-film with a thicknessof and the MgAu-film asa function of temperature(circles). The full
84 A. The samemeasurementafterasuperpositionwith 0.25 atolaAu curve gives the theoreticaldifferences betweenthe corresponding
andanotherannealingat 40K. conductance(right scale)of the Mg- and the MgAu-fIlms using the

common setof H~(T)andthe two different values of H,,., which are
evaluatedfrom themagneto-resistancein fig. 2.11 andfig. 5.6.
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that also the temperaturedependenceof the resistanceis consistantwith the theory of weak localization
but it is muchmorecomplicatedthan the ln(T) anomalypredictedby the first theories.

5.7. Influenceof an electricalfield

While the effect of a magneticfield on weak localizationis indisputableand experimentallyproved
the influenceof an electric field on weak localizationwas quite controversial.It was discussedin the
theoretical papersby Tsuzuki [39] and Altshuler andAronov [6]. They obtained contrary results.
Tsuzukipredicteda reductionof the quantumcorrectionin an electric field. The resultby Altshuler et
al. is that— as long as the temperatureis constant— the electric field has no influence on weak
localization. Thesedifferent theoreticalresultsare not just due to different approximationsor trivial
errorsbut aconsequenceof the generalizationof the equationof motion of the so-calledCooperonin
the presenceof a time-dependentvector potential. While Tsuzuki replaced the momentumq by
—iV— (2e/h)A(r,t), Altshuler et al. usedan equationwhich is not instantaneousin time. In addition
Kaveh et al. [161]assumedthat the electric field F introducesacharacteristiclength XF = (hD/eF)113
which destroysweak localizationassoonas XF becomessmallerthan the Thoulesslength (Dr~)112in
analogyto the characteristiclength in a magneticfield XH = (h/eH)112.This yielded roughly thesame
resultasTsuzuki’s theory.

An experimentaldecisionhad thereforean important impact on the theory of weak localization.
Experimentallyan influence of the electric field on the conductancehasbeenmeasuredin thin films
[85, 101]. Thefirst measurementby DolanandOsheroff[85]hasbeeninterpretedby Andersonet al. [2]
asa heatingof theconductionelectronsby thecurrent.This is thegeneraldifficulty in theexperimental
investigationthat a largeelectricfield causesalso a considerableheatingof theconductionelectronsand
one has to assurethat the conduction electronsremain at constanttemperature.Fortunately the
magneto-resistanceof weak localizationallows us to control theelectronictemperature.Themagneto-
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Fig.5.9. Thechangeof resistanceor conductancerespectivelyasafunction of theelectricfield at constanttemperature.Experimentallythereis no
changewith electricfield. The full curvegivesthepredictionof thetheoryof ref. [391.
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resistanceis determinedby H,,, andthe temperaturedependentI-I,(T). If onemeasuresthe magneto-
resistancewith different electric currents(i.e. electric fields) and obtainsidentical magneto-resistance
curvesthenthe electronictemperatureis not raisedby the current.For this purposeoneneedsa very
thin film which is embeddedin liquid helium. This provides an optimal cooling of the film. Such a
measurement[107]confirms the theory by Altshuler and Aronov. Fig. 5.9 showsthe resistanceof an
Au-film 30 A thick as a function of the normalizedelectric field F/F(T). Here F(T) is given by the
relation:

F(T)= F0 * (H,/H,,)
15 F

0 6L’
2h/(lToe)

whereH, is obtainedfrom the magneto-resistanceand H,, from the resistivity of the film. (In the plot
the experimentalvaluefor F(T) was used:F(4.3 K) = 271V/rn.) On the right y-axis the corresponding
unit for the electro-conductance[L(F) — L(F = O)]/Lon is given. The resistanceis with high accuracy
independentof the electricfield in a field rangewhererefs. [39] and[161]predicteda field dependence.

6. The inelasticlifetime r~

Andersonet al. [2] and Gorkov et al. [4] introduced the inelastic lifetime r~of the conduction
electronsin weak localization. They calculatedthe frequencydependentconductanceat T= 0 and
replacedw by w + i/r

1. Consideringthe physicsbehindweak localization onerealizesthat the quantum
interferenceis destroyedwhen the two complementaryscatteringseries(‘) and (“) loose their phase-
coherence.This may takeplacewithin thetime TQ, the phase-coherencetime. The time Tç is in principle
not identicalwith the inelasticlifetime r1. Experimentallyit becamea customto talk aboutthe inelastic
field or the inelastic lifetime respectively.So wheneveran experimentallydeterminedtime is called
inelasticlifetime the phase-coherencetime Tç~ is meant.

6.1. Experimental results

Although weak localization provides a unique method to determinethe phase-coherencetime of
conductionelectronsthe experimentalresultsare only fragmentaryuntil now. The numberof metals
studiedso far is very limited andmainly restrictedto Mg, the noble metals,Bi and Pd. There is little
systematicstudyof the dependenceof -r1 on the film thicknessandthe meanfree pathof the conduction
electrons.Eventhe temperaturedependenceis not always clear.The latter is dueto the fact that other
phasebreakingmechanismssuch as magneticscatteringcan hardly be separatedfrom the temperature
dependentinelastic lifetime. Therefore in some experimentalwork an additional temperaturein-
dependentphasebreaking is assumedto recover a simple power law for T1. Even non-magnetic
impurities like co-evaporatedair can dramatically enhancethe phasebreakingand remove its tem-
peraturedependence.Thereforeit shouldbe notified before the experimentalresultsare reviewedthat
mostof the work hasstill to bedone.

The first and most interestingquestionis the temperaturedependenceof 1/r, which is assumedto
behaveas 1”. Thereforetheexperimentallydeterminedtimesarefirst examinedin a log—log-plotversus
temperature.The exponent does not dependon the exact value of HAT,. which requires the exact
thicknessof the film and the densityof states.
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Gershenzonet al. [103]found for Ag p = 2.25 (seefig. 6.1). In their films theyfounddeviationsfrom
this law below4 K andbelow 10 K respectivelywhich areprobablycausedby magneticscattering.

KawagutiandFujimori [1121observedfor Ag andAu as well a power-lawfor 1/IT, with p = 1 in the
temperaturerangebetween1 and4.2 K. This is shownin fig. 6.2. They saw a tendencyfor a stronger
temperaturedependenceat higher temperatures.

Komori et a!. [162] determinedthe inelastic lifetime for Bi-fllms and found a changeof p from 2
above1K top= 1 below 1K.

Woerleeet al. [114]observedqualitatively the sameresult for Bi-films, but did not explicitly give the
rangeof p.

AbrahamandRosenbaum[109]measuredfor Cu above30 K a T2-law. Below 10 to 20 K the phase
coherencetime becomestemperatureindependent.Fig. 6.3 showstheir effectivefield whichis asum of
H

1 andH.,.
For quenchcondensedMg the author [96, 116] found a T

2-law for 1/r, in the temperaturerange
between4.5 and 20 K (seefig. 2.12).For the noblemetals[105,116] a power-lawwith p 1.7 was seen
but alargervalue of p whichis hiddenby a very weak temperatureindependentphase-breakingcannot
be excluded.

RecentlyWhite et al. [127]extendedsimilar measurementson Mg down to temperaturesof 0.15 K.
They usedalsoquenchcondensedfilms but their meanfree pathis by morethanafactor of tensmaller
indicating a co-condensationof restgasin the system.Theyinterprettheir low temperatureresultswith
a T1-law but their datacan easilybe interpretedwith p = 1.5 and additionalmagneticscatteringwhich
flattens the curve at low temperature.Deutscheret a!. [119] measuredthe inelastic lifetime of Mg
evaporatedat room temperature.They foundfor p atransitionfrom about2 at temperatureabove5 to
10 K to smallerp atlower temperatures.However,for someof their films the temperaturedependence
of 1/ri turns towardsa constantso that an influenceof magneticscatteringcannotbe excluded.

Ovadyahu[124]sawfor indium-oxidefilms a T’-law for i/Ti.
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Fig. 6.1. The inelastic lifetime of an Ag-film, measuredby Gershen- Fig. 6.2. The inelasticlifetime of an Ag- and Au-film, measuredby
son et al. [1031asa function of temperature. Kawaguti andFujimori [1121asa function of temperature.
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Fig. 6.3. The characteristicfield of Cu-films (which is roughly a sum of H, and H,,), measuredby Abrahamand Rosenbaum[1091as a function of
temperature.

6.2. Theoryof phase-coherencetime

The calculation of the phasecoherencetime is much more difficult than the calculation of the
inelasticlifetime [45]. In thissectionwe first list the theoreticalresultsfor the inelasticlifetime in pure
and dirty metalsand its temperaturedependence— in particular the exponentp. We haveto discuss
electron—electroninteractionandelectron—phononinteraction.

(1) Electron—electroninteraction.
According to Schrnid [163] the inverse inelastic lifetime of an electron due to electron—electron

interaction is modified in a (three-dimensional)metalwith finite meanfree path of the electrons.He
obtainedfor an electronwith an energyE abovethe Fermi energy(at T = 0)

1 — ir E~ 3 (1 ~~3/2 E312 6 1
r~ 8EF~2~kl) E~’2 (.)
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Theinelasticlifetime at finite temperatureis essentiallyobtainedby replacingE by kBT. A similar form
hasbeenderivedby Altshuleretal. [6] (althoughit differs by aconstantfactor of the orderof 10). The
impurity inducedcontribution of the electron-electroninteractionto l/r1 generallyvaries in 3 dimen-
sionsas T

1-5. Two-dimensionalcalculationshavebeenperformedby anumberof authors[164,26, 63,
165, 45, 661. For a thin film AbrahamsCt a!. [164]deriveda T * ln(T) dependencefor the impurity term
of i/IT,. Fukuyama and Abrahams [66] repeatedthe calculation for the physically relevant phase
coherencetime Tçp andobtained

i/IT, = (1T/kFd)(kBT/2EFT
0)* ln(TIT1) (6.2a)

wherethe T1 is given by

kBT1 = (32/27)(kFlf EB

whereEB is theBohr energy(13.6eV or 1.57X 10~K respectively).Altshuleretal. [26,45]did not find the

ln(T)-term in the IT,, which theycalculatedas the Nyquist time TN,

h/TN = (kB T/2ir DNd)* ln(kBTTN/h) (6.2b)

which differs from eq. (6.2a)becauseit hasno ln(T)-dependence.Lopes dos Santos[77] recovered
essentiallythe resultby AbrahamsCt a!. modified by a factorof two.

(2) Electron—phononinteraction.
The electron—phononinteraction is also enhancedby impurities, i.e. a finite meanfree path of the

conduction electrons.This has been first derived by the author [81,166—167] who modified the
Andersontheorem that impurities do not changethe transition temperatureof a superconductor,
pointing out that the impuritiesparticipatein the latticeoscillations(i.e. the phonons)and changethe
electron—phononinteraction.Within thispicture the Eliashbergfunction a

2F(E) in adisorderedmetal
was calculated[167]to explain the enhancedsuperconductivityand the strongcoupling behaviourof
quenchcondensedsuperconductors.Schmid[168]derivedin ajellium model the inelasticlifetime of the
conductionelectronat T = 0. Takayama[169]calculatedthe temperaturedependenceof the resistance.

The authorobtainedfor the impurity correctionof theEliashbergfunction

a2 F(E) = 4~rLMmIc3Iav ~ (6.3)

wheren is the electrondensity,L the numberof atomsper volume,M the ion mass,m the electron
massand (1/c3)av an averageover the soundvelocities.This yields for the temperaturedependenceof
the inelasticlifetime accordingto the relation[170]

l4ir f dEa2F(E)
IT

1 h J sinh(E/kBT)
= (6.4)

1 = n (1’\
1-(k T)2 I x dx

r~ LMm \c3Il B J sinh(x)~
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The integral yields the numericalvalue 2.47. Schmid [168]found first no linear energydependenceof
the Eliashberg-function andderivedan E3 andan E4 term in the inelasticlifetime. As aconsequence
thetemperaturedependenceof r, shouldshowthesameexponentsp = 3 and4. Later Keck andSchmid
[170] improved their calculationand for wi/c > 1 they obtaineda term similar to that found by the
authorin the E!iashbergfunction. Takayama[1691alsoobtainedan additional T2 term for the inelastic
lifetime in the presenceof impurities.

The influenceof the phononson the electronphaseraisesstill severalquestions.As we are goingto
discussin section7 the electronicscreeningin a disorderedmetal is retarded.Onemight expectthat this
causesa dampingof the phononswhich correspondsto an additionalelectron—phononinteraction.An-
other effect is that a phononwave is accompaniedby an oscillating electric field. The latter reduces
accordingto AltshulerandAronov [26] the phasecoherencetime of the conductionelectrons.

6.3. Comparisonbetweenexperimentand theory

The experimentallydeterminedexponentsp of the power-law are not really consistentwith each
other.Thereis, however,thegeneraltendencythat at temperaturesabovehelium theexponentis of the
orderof two. The normalelectron-electroninteraction is by severalordersof magnitudetoo small to
explain the experimentallydeterminedvalues of the inelastic lifetime. Only the impurity induced
electron—electroninteraction could be responsible.The exponent p 2 is not in favour of the
electron-electroninteraction as the dominantinelastic scatteringprocess.Even if the film is three-
dimensionalwith respectto theelectron-electroninteractionone expectsonly an exponentp = 1.5. As
a matter of fact some films are in the regimebetweentwo- and three-dimensionalbehaviourwith
respectto the electron-electroninteraction.Onthe otherhandthe electron—phononinteractionneither
gives asatisfyingexplanationfor the T2-law. For mostof the films the productqTl is not largerthan 1 in
the temperaturerangeof interestandonly for q~l~ 1 the electron—phononinteractionexperiencesthe
different impuritiesindependently.

Qualitatively it turnsout that (above4 K) the electron—phononrelaxationtime is of the sameorder
asthe inelasticlifetime.The author[115]heatedthe conductionelectronsin a thin Au-film by an electric
current abovethe phonon temperatureand investigatedthe electrontemperatureby meansof weak
localization.It turnedout thattheelectron—phononinteractionis animportantmechanismin determining
the inelasticlifetime.

At low temperatures(below 2—4 K) thereis someevidence(or at least no contradiction)that the
dominantinelasticscatteringmechanismis the electron-electroninteraction. In this temperaturerange
an exponentof the order of one hasbeen observed[112,127, 119] and White et a!. [127] as well as
Deutscheret a!. [119]founda qualitativeagreementwith the theory of Abrahamset al.

At temperaturesabove4 K both presentlydiscussedmechanisms,the electron-electroninteraction
andelectron—phononinteraction,fail to explain the experimentalresults.For both, the inverseinelastic
lifetime should increaselinearly with the disorder, i.e. proportionalto the resistivity. This is experi-
mentallynot the case[105].

We comparethe magnitudeof the measuredinelasticlifetime with the different theoreticalmodels.
The author [105] has performed such a discussionfor the inelastic lifetime of Cu at 10 K. The
experimentalvalue for r~at this temperatureis about 5 x 10-12 s [105].For the sametemperaturethe
theoreticalmodelsareevaluated.The inelasticlifetime dueto the normalelectron-electroninteraction
(yielding a T2-!aw which is impurity and dimension independent)is of the order of 10_8s. This
contribution is too small. Secondlythe impurity induced contributionof the electron-electroninter-
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action to i/IT1 is estimated.If the film is consideredas two-dimensionalwith respectto the electron—
electroninteraction the formula (6.2a)by Abrahamset al. can be applied. One obtainsfor i/r,
3 x 10-~ s. The electron—phononinteractionaccordingto eq. (6.4) yields for IT1 thevalue4 x i0~s. The
valueof i/IT, is too small by a factor of aboutten (andsince qTl is not much largerthan 1 the result is
even over estimated).The discussedelectron-electroninteraction as well as the electron—phonon
interactionare too small to explain the experimentalresult.But it is quite possiblethat the theory has
not yet exploredall possiblemechanismsin the electron—phononinteraction.

We concludethis sectionwith a numberof questionswhich requirefurther investigation.
(i) What is the power-lawfor i/IT1 in different regimesof temperature?(ii) How does l/T~dependon

the resistivity and the film thickness?(iii) What is the role of surfacescatteringwhen the thicknessis
smallerthanthe meanfree path?(iv) What is the actualmechanismin electron—phononinteractionthat
determinesthe inelasticlifetime?

7. Coulombinteraction

Resistanceanomaliesof thin films havebeenobservedquite a few times in the past.For example
Buckel and Hilsch [171] found already 25 years ago an increasingresistancewith decreasingtem-
peraturein disorderedBi-fi!ms. Most of these anomaliescan now be explainedby the Coulomb
anomalyof the resistance.As we mentionedbelowAltshuleretal. [157]predictedalmostin coincidence
with the theory of weak localization another very similar resistanceanomaly as a function of
temperature.The mechanismwhich causesthe Coulomb anomalyis considerablymore difficult than
weak localization. The origin of this anomaly is the fact that the electron-electroninteraction in
disorderedmetalsis retarded.A suddenchangeof the chargedistribution in adisorderedmetalcannot
bescreenedimmediately.Sincethe electronscan only propagateby diffusion they needtime to screen
the chargedistribution. Since the diffusion is particularly slow over largedistancesone finds a small
screeningfor small q, i.e. a largeeffectiveelectron-electroninteraction.The resultby A!tshuler et al.
for theeffectiveCoulombinteractionin disorderedelectronsystemsis (for small q)

~ _1Dg~—iw 71~N Dq
2 (.)

(N = densityof states).The screeningof a staticpotentialis, however,hardly changedby impurities.
As a consequenceof the exchangeinteractionevery two e!ectronsfor examplek’ and k” perform

transitionsinto the statesk’ + q and k” — q and build up a finite amplitudefor the final two-electron
state.q takesall possiblevalues.This meansthat every two-particlestate1k’, k”) hasa (two-particle)
satellite state 1k’ + q, k” — q) which is phasecoherent.The two-particle statesand their satellitesare
scatteredby the impurities.Thereis a finite probabilitythat the 1k’, k”) and 1k’ + q, k” — q) arescattered
into the samefinal two-particlestatewhich we denoteby 1k, k + q). (This scatteringfrom 1k’) to k) and

1k’ + q) to 1k+ q) goesover a seriesof intermediatestateswith the sametransferof momentum.)In the
final two-particle statethe amplitudeshaveessentiallyoppositesign (becauseof the exchange);the
amplitudeshavepreservedtheir coherenceovera time of the orderof tr = hI(27TkBT). Their“quantum
interference”causesa correctionto the resistance.The processis considerablymore difficult than in
weak localizationandits physicalinterpretationshall be discussedelsewherein detail.

Thephysicsof the electron—electroninteractionin disorderedelectronsystemsis a largefield. I refer
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thereaderto two reviewarticleson this field by Fukuyama[76] andAltshulerandAronov [154].In the
presentarticle we do not want to treatthisfield in any detail. However,anexperimentalistis confronted
with the fact that his measuredtemperaturedependenceof the resistanceis not only determinedby
QUIAD but alsoby Coulombinteraction.Thereforethis section is restrictedto the resistanceanomaly
and the Hall anomalywhich is closely relatedto the former and not influencedby weak localization.
Many of the interesting consequencesof the electron-electroninteraction on density of states,
thermo-power,tunnelingresistance,etc. are not touchedin this article.

7.1. Resistanceanomaly

Altshuler et al. [157] and Fukuyama[31] evaluateda Kubo graph which containedthe dynamic
Coulombinteractionandconsistedof theFock andof the Hartreeterm.Theyobtaineda correctionfor
the conductance

L~L(T) —L~R/R~= —Loo(1— F)ln(T). (7.2)

HereF was originally definedas a screeningfactor,

F = [K/(2kF)]2* ln[1 + (2kF/K)] (7.2a)

whereK_i is the screeninglength in threedimensions:K2 = Ne2/�
0(N = densityof statesat the Fermi

surface).However,Finkelstein[160]showedrecentlythat the Hartreeterm doesnot treattheCoulomb
interactionconsistentlyandF had to beredefined.We will treat it asan adjustableparameterasit is in
the experiment.The temperaturedependenceof theresistanceis hardly influencedby a magneticfield.
According to Fukuyama[~~1the spin—orbitscatteringmodifies theanomalyslightly dueto theHartree
contributionbut againFinkelstein’sresultsrequirea recalculation.

According to Lee andRamakrishnan[33] the Hartreepart of the Coulombanomalyshowsa(small)
magneto-resistance.Theyobtainedfor thechangeof theconductancein a magneticfield

FL H — L 0 L — (F/2) 0.084h
2 for h 4 1 (7.3)

t ( ) ( °° (F/2)ln[h/1.3] for h~i

whereh = gp~BHI(kBT).
The relation is only derivedfor vanishing spin-orbit scattering.For strong spin-orbit scattering

(i/IT,,,> i/ITT) the magneto-resistancevanishes.According to Finke!stein [160] one might expect that
(7.3) mustbe modified.

Therearealso Kubo graphswhich containa combinationof weak localizationandelectron-electron
interaction.Accordingto Altshuleretal. [21]onehasto includetheCoulombinteractionrepeatedly.In
a normalconductingmetalthe contributionof these“particle—particlediagrams”can be neglected.

Experimentallythe Coulomb anomaly and the QUIAD anomaly are superimposed.One may
separatethe two contributionsby applying a largemagneticfield. The field suppressesthe temperature
dependenceof the weak localizationandonly the Coulombanomalyremains[104,116]. Fig. 7.1 shows
the experimentalresultby Komnik et al. [104].Thetemperaturedependentresistanceis plottedfor a
Bi-fllm in differentmagneticfields perpendicularto the film. SinceBi is a strongspin-orbitscattererthe
contribution of weak localization and electron-electroninteraction are opposite.The author [116]
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~12

1(K)

Fig. 7.1. TheCoulombanomalyof theresistancein athin Bi-fllm accordingto Komnik et al. [1041.Theresistance(negativeconductance)is plotted
for variousmagneticfieldsperpendicularto thefilm. For largefieldsthetemperaturedependenceof QUIAD is suppressed.

showedthat theCoulombanomalyis hardlychangedby a changeof thespin-orbitscattering.While Mg
andMg/Au havevery different temperaturedependencesof the resistancein zero field (seefig. 5.8) the
influenceof the Au in afield of 7 T is negligible. The adjustableparameterF is of the orderof 0.2.

7.2. Hall effect

While thetheoryof weak localizationpredictsno changeof the Hall constant[12,ii], AltshulerCt at.

In T
1.5 2.0 2.5 3.0

9.41 808

(1o”As/m~~ ~

9.37

______________________________ 804
5 10 20

T(K)
Fig. 7.2. The temperaturedependenceof theHall constantfor a thin Au-film [1721.
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[12] showedthat the Coulombinteractioncausesa clear changeof the Hall constantwith decreasing
temperature.They obtained

= 2 z~R~(T)/R0 (7.4)

(the index C standsfor the correctioncausedby the Coulombinteraction).As a consequenceof eqs.

(7.2) and (7.4) one comesto the following:

=2(1- F) ln(T). (7.5)

The experimentaldifficulty for thin metallic films is that for reasonablefilm resistancesthe anomalies
havea relativemagnitudeof iO_2 to i0~.The Hall effect requiresa measurementof a Hall angleof
about iO~with an accuracyof about10~which is rathertedious.Measurementsof the temperature
dependentHall constanthavebeen performed on electron inversion layers. There are only a few
measurementson thin films; on the system1n203, the semi-metalBi andon thin Au-films. Ovadyahu
and Imry [89] did not observea temperaturedependenceof the Hall constantin thin 1n203-films.
Woerlee et al. [114] measuredthe Hall constantat two different temperatures,at 4.2K and 1.2K.
C(T)/C0 increasedby 1—2%. For thin Au-films the author[172]found an increaseof the Hall constant
with decreasingtemperatureas shownin fig. 7.2. The valueof theadjustedparameterF from the Hall
effect measurementwas 0.25.

8. Conclusions

In this article I tried to sketch the physical backgroundof weak localization, its theoretical
descriptionand the experimentalresultspresentlyexisting. I wantedto point out that the phenomenon
of QUIAD is well establishedand that careful experimentscan be quantitativelyreproducedby the
theory if onefits the characteristictimes of the electronsystem.This meansthat weak localization can
be consideredas atrustableandreliableexperimentalmethod to determinethe characteristictimes. It
is a new experimentaltool to studysolid statephysicsin metals.And indeedthereis a largenumberof
problemswaiting.

(1) The inelastic lifetime for different metals,its dependenceon film thickness,mean free path,
impurities, surfaceproperties,etc.

(2) The magneticscatteringtime for variousmagneticimpurities, Kondoimpurities,mixed valences,
van Vleck impurities, spin-glasses,etc. can be studied. The magnetic anomalieswait for their
investigation.

(3) The measurementof the spin-orbit scatteringopens anotherfield of investigation.An old
question is for example the Hall constantof liquid metals. Most simple liquid metals havea Hall
constantwhich is simply given by the free electronvalue. However, the heavy metalslike Pb, Bi, Ti
show considerabledeviationsfrom the free electronvalue— in the liquid as well as in the amorphous
state.It hasbeensuggestedthat this deviationis dueto spin-orbit scattering.However,the theoretical
estimatedvalue for i/IT.,, appearedto be small and therewas no way experimentallyto measureit.
Weaklocalizationopenssuch away for amorphousmetals.

(4) Since the advancedevaporationtechniquea!lows to condensecontrolled impurities onto the
surfaceandto cover them afterwardsonecan studywhetherthe surfacechangesthe propertiesof an
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atom.The authorobservedfor examplethat dilute Ni-atomson the surfaceof Pd introducea magnetic
scatteringwhichbroadensthemagneto-resistancecurves.If onecoverstheNi-atomswith afew layersof Pd
thenthemagneto-resistancecurvesbecomeasnarrowasthosefor thepurePd-film. Themagneticinfluence
of the Ni-atomshasdisappeared.

(5) The weak localization in sandwichesis theoreticallynot yet investigated.When such a theory
existsonecan experimentallyinvestigatea largenumberof metalsthe investigationof which is difficult
in a single film. Examplesaresuperconductorsor metal films with a very short inelasticlifetime. The
latter can be “diluted” in a sandwich.

(6) In a superconductorone has besidesweak localization and Coulomb anomaly a few other
correctionsto the conductancesuch as Aslamazov—Larkinand Maki—Thompson fluctuation and the
Coulombinteraction in the two-particle channel.A quantitativeanalysishasonly started[93, 106, 110,
113, 118, i25—i26].

Thereforethe investigationof the transportpropertiesof thin films promisesmanyfurther interesting
results.
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